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Abstract 

We give a simple proof of Gromov's Theorem on nilpotentization 
of vector fields, and exhibit a new method for obtaining quantitative 
estimates of comparing geometries of two different local Carnot groups 
in Carnot-Caratheodory spaces with C '"-smooth basis vector fields, 
q E [0,1]. From here we obtain the similar estimates for compar- 
ing geometries of a Carnot-Caratheodory space and a local Carnot 
group. These two theorems imply basic results of the theory: Gromov 
type Local Approximation Theorems, and for a > Rashevskh-Chow 
Theorem and Ball-Box Theorem, etc. We apply the obtained results 
for proving /ic-differentiability of mappings of Carnot-Caratheodory 
spaces with continuous horizontal derivatives. The latter is used in 
proving the coarea formula for some classes of contact mappings of 
Carnot-Caratheodory spaces. 
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1 Introduction 

The geometry of Carnot-Caratheodory spaces naturally arises in the the- 
ory of subelliptic equations, contact geometry, optimal control theory, non- 
holonomic mechanics, neurobiology and other areas (see works by A. A. Agra- 
chev pj], A. A. Agrachev and J.-P. Gauthier [3], A. A. Agrachev and A. Mari- 
go 0], A. A. Agrachev and A. V. Sarychev [3 EE El [9], A. Bellaiche [15], 
A. Bonfiglioli, E. Lanconelli and F. Uguzzoni [IB], S. Buckley, P. Koskela 
and G. Lu M. L. Capogna[2Il 122], G. Citti, N. Garofalo and E. Lan- 
conelli [31], L. Capogna, D. Danielli and N. Garofalo [231 EH E51 E9 EZ], 
Ya. Eliashberg [351 ESI S3 EH], G. B. Folland [H 05], G. B. Folland and 
E. M. Stein [46], B. Franchi, R. Serapioni, F. Serra Cassano [55J EHl [571 
EH], N. Garofalo JUU], N. Garofalo and D.-M. Nhieu [521 EH], R. W. Good- 
man [S3], M. Gromov [UH1 EH], L. Hormander [74], F. Jean [73], V. Jurd- 
jevic [82], G. P. Leonardi, S. Rigot [89J, W. Liu and H. J. Sussman [91], 
G. Lu [92], G. A. Margulis and G. D. Mostow [991 El], G. Metivier [TUT] . 
J. Mitchell [102], R. Montgomery [TU31 fTM]. R. Monti [TUSJ [TUB], A. Nagel, 
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F. Ricci, E. M. Stein [Ml 109J, A. Nagel, E. M. Stein and S. Wainger [TTOj . 
P. Pansu [II21[II31[IIl[in], L. P. Rothschild and E. M. Stein [12], R. S. 
Strichartz [122], A. M. Vershik and V. Ya. Gershkovich [123], S. K. Vodopy- 
anov [1251 Q2ZI H2HI Q2SI H3Q], S. K. Vodopyanov and A. V. Greshnov pi] . 

C. J. Xu and C. Zuily [138] for an introduction to this theory and some its 
applications). 

A Carnot-Caratheodory space (below referred to as a Carnot manifolds) 
M (see, for example, [68l 1124] ) is a connected Riemannian manifold with a 
distinguished horizontal subbundle HM. in the tangent bundle TM that meets 
some algebraic conditions on the commutators of vector fields {Xi, . . . , X n } 
constituting a local basis in HM., n = dimifM. 

The distance d c (the intrinsic Carnot-Caratheodory metric) between points 
x, y G M is defined as the infimum of the lengths of horizontal curves joining 
x and y and is non-Riemannian if HM is a proper subbundle (a piecewise 
smooth curve 7 is called horizontal if j(t) G H^M). See results on prop- 
erties of this metric in the monograph by D. Yu. Burago, Yu. D. Burago nd 
S. V. Ivanov [20]. 

The Carnot-Caratheodory metric is applied in the study of hypoellip- 
tic operators, see C. Fefferman and D. H. Phong [43] . L. Hormander [74] . 

D. Jerison [76J, A. Nagel, E. M. Stein and S. Wainger [HO], L. P. Rothschild 
and E. M. Stein [119] . A. Sanchez-Calle [120] . Also, this metric and its 
properties are essentially used in theory of PDE's (see papers by M. Biroli 
and U. Mosco PB Q2J, S. M. Buckley, P. Koskela and G. Lu [19], L. Ca- 
pogna, D. Danielli and N. Garofalo [231 E3 ES ESI EZj, V. M. Chernikov 
and S. K. Vodop'yanov [29], D. Danielli, N. Garofalo and D.-M. Nhieu |33j, 

B. Franchi [47J, B. Franchi, S. Gallot and R. Wheeden [IE], B. Franchi, 

C. E. Gutierrez and R. L. Wheeden [35], B. Franchi and E. Lanconelli [5TJll5Tj . 
B. Franchi, G. Lu and R. Wheeden [H2J E3], B. Franchi and R. Serapioni [54] , 
R. Garattini [59], N. Garofalo and E. Lanconelli [61], P. Hajlasz and P. Strz- 
elecki [71], J. Jost J77J [78j ED], J- Jost and C. J. Xu [HJ, S. Marchi [98], 
K. T. Sturm [123] ). 

The following results are usually regarded as foundations of the geometry 
of Carnot manifolds: 

1. Rashevskh-Chow Theorem [2DJ 1118] on connection of two points by a 
horizontal path; 

2. Ball-Box Theorem [110J (saying that a ball in Carnot-Caratheodory 
metric contains a "box" and is a subset of a "box" with controlled 
"radii"); 
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3. Mitchell's Theorem [102J on convergence of rescaled Carnot-Caratheo- 
dory spaces around g G M to a nilpotent tangent cone; 



4. Gromov's Theorem [68J on convergence of "rescaled" with respect to 
jGi basis vector fields to nilpotentized (at g) vector fields generating a 
graded nilpotent Lie algebra (the corresponding connected and simply 
connected Lie group is called the nilpotent tangent cone at g); here 
g G M is an arbitrary point; 

5. Gromov Approximation Theorem [68] on local comparison of Carnot- 
Caratheodory metrics in the initial space and in the nilpotent tangent 
cone, and its improvements due to A. Bellaiche |15j . 

The goal of the paper is both to give a new approach to the geometry of 
Carnot manifolds and to establish some basic results of geometric measure 
theory on these metric structures including an appropriate differentiability 
and a coarea formula. 

New results in the geometry of Carnot manifolds contains essentially new 

quantitative estimates of closeness of geometries of different tangent cones 

located one near another. One of the peculiarities of the paper is that we 

solve all problems under minimal assumption on smoothness of the basis 

vector fields (they are C 1,Q -smooth, < a < 1), although all the basic 

results are new even for C°°-vector fields. In some parts of this paper, the 

symbol C 1,a means that the derivatives of the basis vector fields are H a - 

continuous with respect to some nonnegative symmetric function d : U x 

U -> R, U m M, such that d > Cp, < C < oo, where C depends only 

on U, and p is Riemannian distance. Some additional properties of d are 

described below when it is necessary. Note that from the very beginning 

it is unknown whether Rashevskii-Chow Theorem is true for C 1,Q -smooth 

basis vector fields. Therefore Carnot-Caratheodory distance can not be well 

defined. We use the quasimetric d^ instead of d c , which is defined as follows: 

( N \ i 
if y = exp I UiXi I (x) , then d^x^y) = max dcgXi }, and in smooth 

\ i=1 J i=l,...,2V 

case is equivalent to d c \IW\ 155] . One of the main results is the following 
(see below Theorem 12.4.11 for sharp statement). 



Theorem 1.0.1. Suppose that d^iu.u') = Ce, d^UjV) = Ce for some 
C,C < oo, 



N 



N 

exp ( y WiS 




deg Xi 




deg Xi y u ' 




i=l 



i=l 
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Then, for a > 0, we have 

max{d^ > (ty e ,tw^),d^(iw E ,tyg)} < Lep(u,u')^ 

where L is uniformly bounded in u,u' ,v G U C M, and in {wi}f =l belonging 
to some compact neighborhood ofO. 
In the case of a = 0, we have 

max{^K, w' £ ), d^(w £ , w' £ )} < eo(l) 

where o(l) is uniform in u,u' ,v 6 U C M, and m belonging to some 

compact neighborhood ofO as e — > 0. 

Here we assume that [/ C M is a compact neighborhood small enough 
and p is a Riemannian metric. The symbol X" (X" ) denotes nilpotentized 
at u {u') vector fields (see item 0] above). These vector fields constitute Lie 
algebra of the nilpotent tangent cone at u (V). 

Further, in Theorem 12.3.11 we extend this result to the case of a "chain" 
consisting of several points. 

The content of obtained estimates is very profound: they imply both new 
properties of Carnot manifolds and the above-mentioned ones. 

The investigation of sub-Riemannian geometry under minimal smooth- 
ness of the basis vector fields is motivated by the recently constructed by 
G. Citti and A. Sarti, and R. K. Hladky and S. D. Pauls model of visualiza- 
tion [32l More exactly, the model of a brain perception of a black-and- 
white plain image is constructed in these papers. This model makes possible 
the interpretation on a computer of a human brain's work during the vi- 
sualization of information. In particular, it is shown how the human brain 
completes the image part of which is closed. The geometry of this model 
is based on a roto-translation group which is a three-dimensional Carnot 
manifold with a tangent cone being a Heisenberg group H 1 at each point. 
Since by now there are no theorems on regularity of the image created by a 
human brain, any reduction of smoothness of vector fields is essential for the 
construction of sharp visualization models. 

The main result concerning the geometry of Carnot manifolds is proved 
in Section [2j The method of proving is new, and it essentially uses Holder 
dependence of solutions to ordinary differential equations on parameter (see 
Theorem 12. 1. 13[) . Probably, this dependence is not a new result. For reader's 
convenience we give its independent proof in Section El In Subsection 12.11 
all other auxiliary result are formulated. 

In Subsection 12.21 we prove, in particular, the following statements 
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A: Let Xj G C 1 on a Carnot manifold M. On Box(g,er g ), consider the 
vector fields { e Xi}={e degXi X{\ , i — 1, . . . , N. Then the uniform convergence 

Xf=(A 9 £ _ 1 );X i ^X? ase^O, i = l,...,N, 

holds at the points of the box Box(g,r 9 ) and this convergence is uniform in 
g belonging to some compact set, where the collection {Xf }, i = 1, . . . , N , of 
vector fields around g constitutes a basis of a graded nilpotent Lie algebra; 

B: There exists a constant Q = Q(U), U is a compact domain in M, such 
that the inequality 

doo{u, v) < Q(d 00 (u, w) + d^w, v)) 

holds for every triple of points u, w , v G U where Q(U) depends on U . 
C: Given points u, v G M, d^u, v) = Ce for some C < oo, 

N N 

w £ = exp (J2 WiS degX *X^ (v) and w' £ = exp (j^ Wie desXi X?\ (v), 
i=i ' i=i 

we have 

m^{d 0O (w e ,v/ e ),d^(w e ,w' e )} <eo{\) 

where o(l) is uniform in u,v belonging to a compact neighborhood U C M, 
and in {wi}^ belonging to some compact neighborhood of as e — > 0. 

Statement A is just Gromov's Theorem [68J on the nilpotentization of 
vector fields. Gromov has formulated it for C 1 -smooth fields, however, Ex- 
ample 12.2.121 by Valerii Berestovskii makes evident that arguments of the 
proof given in [681 PP- 128-133] have to be corrected. In Corollary 12 . 2 . 1 1 1 we 
give a new proof of this assertion based on an another idea. 

Statement B says that the quasimetric d^ meets the generalised triangle 
inequality. The implication A B is proved in Corollary 12.2.141 

Statement C gives an estimate of divergence of integral lines of the given 
vector fields and the nilpotentized vector fieldes. 

The implication B C is a particular case of Theorem 12.7.11 

In theory developed in Subsection I2.4[ is based on the generalized triangle 
inequality as a starting point. 

In Subsection 12.41 we prove one of the basic results of Section [21 namely, 
Theorem 12.4. II which compares local geometries of two different local Carnot 
groups. It is essentially based on the main theorem of Subsection 12.31 which 
compares "global" geometries of different tangent cones (i. e., it looks like 
Theorem 12.4.11 with e — 1). Subsection 12.51 is devoted to approximation 
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theorems. In particular, we compare metrics of two tangent cones, and the 
metric of a tangent cone with the initial one. There we give their proofs 
and the proofs of some auxiliary properties of the geometry. Further, in 
Subsection I2.6[ we prove Theorem 12.3. 11 which is the "continuation" of The- 
orem In Subsection 12. 71 we compare the geometry of a Carnot manifold 
with the one of a tangent cone. In Subsection I2.8[ we give applications of our 
results to investigation of the sub- Riemannian geometry. We prove Gromov 
type theorem on the nilpotentization of vector fields [68], a new statement 
implying Rashevskri-Chow Theorem, Ball-Box Theorem, Mitchell Theorem 
on Hausdorff dimension of Carnot manifolds and many other corollaries. 
Main results of Section [2] are formulated in short communications [132, 

[1331 . 

Section [3] is devoted to differentiability of mappings in the category of 
Carnot manifolds. 

We recall the classical definition of differentiability for a mapping / : 
M — > N of two Riemannian manifolds: / is different iable at x G M if there 
exists a linear mapping L : T X M — > Tf( x )N of the tangent spaces such that 

p N (/(exp a ./i),exp /(a . ) L/i) = (\\h\\ x ), h G T X M, 

where exp x : T X M — > M and exp^^ : T/^N — * N are the exponential 
mappings, and is the Riemannian metric in N, \\h\\ x is the length of 
h G T X M. 

It is known (see [681 H04j ) that the local geometry of a Carnot manifold 
at a point g G M can be modelled as a graded nilpotent Lie group G g M. It 
means that the tangent space T g M has an additional structure of a graded 
nilpotent Lie group. If M and N are two Carnot manifolds and / : M — ► N is 
a mapping then a suitable concept of differentiability can be obtained from 
the previous concept in the following way: / is /ic-differentiable at x G M if 
there exists a horizontal homomorphism L : G X M. — > G/^N of the nilpotent 
tangent cones such that 

d c (f(exp x h), exp /(x) Lh) = o(\h\ x ), h e G X M, 

where d c is the Carnot-Caratheodory distance in N and | • \ x is an homoge- 
neous norm in G Z M. 

For us, it is convenient to regard some neighborhood of a point g as a 
subspace of the metric space (M, d c ) and as a neighborhood of unity of the 
local Carnot group (/ 9 M with Carnot-Caratheodory metric d 9 c (see Defini- 
tion 1.2). In the sense explained below, exp -1 : Q 9 ~M — ► G g Ni is an iso- 
metrical monomorphism of the Lie structures. Then the last definition of 
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/ic-differentiability can be reformulated as follows. Given two Carnot mani- 
folds (M, d c ) and (N, d c ) and a set E C M, a mapping / : E -> N is called 
hc-differentiable at a point g <E E (see the paper by S. K. Vodopyanov and 
A. V. Greshnov [131] . and also [EZl Q2S1 Q231 Q3D] ) if there exists a horizontal 
homomorphism L : (<? 9 M, <i 9 ) — > (Qf^N, d^ 9 ) of the local Carnot groups 
such that 

d f c {9) (f(w),L(w)) = o(d 9 c (g,w)) as E f]Q 9 3 w ^ g. (1.0.1) 

The given definition of /zc-differentiability of mappings for Carnot man- 
ifolds can be treated as a straightforward generalization of the classical 
definition of differentiability. Clearly, if the Carnot manifolds are Carnot 
groups then this definition of /ic-differentiability is equivalent to the defini- 
tion of P-differentiability introduced by P. Pansu in [115j for an open set 
E C G. For an arbitrary E C Q, the last concept was investigated by 
S. K. Vodop'yanov [125j and by S. K. Vodopyanov and A. D. Ukhlov [136J 
(see also the paper by V. Magnani |93j). 

In Section [31 we introduce the notion of /ic-differentiability, which is ad- 
equate to the geometry of Carnot manifold, and study its properties. More- 
over, in this section, we prove the /ic-differentiability of a composition of 
/ic-differentiable mappings. 

In the same section we prove the /ic-differentiability of rectifiable curves. 
In the case of curves, the definition of the /ic-differentiability is interpreted 
as follows: a mapping R D E 3 t \— > j(t) 6 N is /ic-differentiable at a point 
s G E in a Carnot manifold N if the relation 

^ (s) (7(s + r),exp(ra)( 7 (s))) =o(r) as r -> 0, s + r G E, (1.0.2) 

holds, where a G # 7 ( S )N ( fjl.0.2j) agrees with fll.O.ip when M = R, see also 
[99]). On Carnot groups, relation ( 11. 0.21) is equivalent to the P-differentiability 
of curves in the sense of Pansu [1 15j . Our proof of differentiability is new 
even for Carnot groups. We prove step by step the /ic-differentiability of the 
absolutely differentiable curves, the Lipschitz mappings of subsets of R into 
M, and the rectifiable curves. Here we generalize a classical result and obtain 
the following assertion: the continuity of horizontal derivatives of a contact 
mapping defined on an open set implies its pointwise he- differentiability (The- 
orem 13.3.11) . 

As an important corollary to these assertion, we infer that the nilpotent 
tangent cone is defined by the horizontal subbundle of the Carnot manifold: 
tangent cones found from different collections of basis vector fields are iso- 
morphic as local Carnot groups (Corollary 13.3.31) . Thus, the correspondence 
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"local basis t— > nilpotent tangent cone" is functorial. In the case of C°°- 
vector fields, this result was established by A. Agrachev and A. Marigo [3], 
and G. A. Margulis and G. D. Mostow [100J where a coordinate-free definition 
of the tangent cone was given. 

Main results of Section [3] are formulated in short communications by 
S. K. Vodopyanov [127[ 1128] (see some details and more general results on 
this subject including Rademacher-Stepanov Theorem in |129l H30J). 

Section HI is dedicated to such application of results on /ic-differentiability 
as the sub-Riemannian analog of the coarea formula. It is well known that 
the coarea formula 

Jj k (cp,x)dx= J dz J dH n - k (u), (1.0.3) 

where Jk{p.,x) = ■sj det (D<p(x) Dtp* (x)) } has many applications in analysis 
on Euclidean spaces. Here we assume that <p G C 1 (U,M. k ), U C R n , n > k. 
For the first time, it was established by A. S. Kronrod |88j for the case of 
a function ip : R 2 — > R. Next, it was generalized by H. Federer first for 
mappings of Riemannian manifolds <p : M. n — > M k , n > k, in [30], and 
then, for mappings of rectifiable sets in Euclidean spaces <p : M. 11 — ► J\f k , 
n > k, in [41] . Next, in the paper |lllj . M. Ohtsuka generalized the coarea 
formula (11.0.31) for mappings (p : R™ — > R m , n,m > k, with 7i fc -o"-finite image 
Lp(M. n ). An infinite-dimensional analog of the coarea formula was proved by 
H. Airault and P. Malliavin in 1988 [10] for the case of Wiener spaces. This 
result can be found in the monograph by P. Malliavin [97]. See other proofs 
and applications of the coarea formula in the monographs by L. C. Evans 
and R. F. Gariepy |39j, M. Giaquinta, G. Modica and J. Soucek |64J, F. Lin 
and X. Yang [gQ|. 

Formula (11.0. 3ft can be applied in the theory of exterior forms, currents, 
in minimal surfaces problems (see, for example, paper by H. Federer and 
W. H. Fleming [32] )■ Also, Stokes formula can be easily obtained by us- 
ing the coarea formula (see, for instance, lecture notes by S. K. Vodopy- 
anov |126j ). Because of the development of analysis on more general struc- 
tures, a natural question arise to extend the coarea formula on objects of 
more general geometry in comparison with Euclidean spaces, especially on 
metric spaces and structures on sub-Riemannian geometry. In 1999, L. Am- 
brosio and B. Kirchheim [11] proved the analog of the coarea formula for 
Lipschitz mappings defined on T^-rectifiable metric space with values in R fc , 
n > k. In 2004, this formula was proved for Lipschitz mappings defined on 
7i n -rectifiable metric space with values in 7i fc -rectifiable metric space, n > k, 
by M. Karmanova [831 185]. Moreover, necessary and sufficient conditions on 
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the image and the preimage of a Lipschitz mapping defined on 7i n -rectifiable 
metric space with values in an arbitrary metric space for the validity of the 
coarea formula were found. Independently of this result, the level sets of 
such mappings were investigated, and the metric analog of Implicit Function 
Theorem was proved by M. Karmanova [EH EE, 186] . 

All the above results are connected with rectifiable metric spaces. Note 
that, their structure is similar to the one of Riemannian manifolds. But there 
are also non-rectifiable metric spaces which geometry is not comparable with 
the Riemannian one. Carnot manifolds are of special interest. The problem 
of the sub-Riemannian coarea formula is one of well-known intrinsic unsolved 
problems. 

A Heisenberg group and a Carnot group are well-known particular cases 
of a Carnot manifold. In 1982, P. Pansu proved the coarea formula for 
functions defined on a Heisenberg group |112j . Next, in [72], J. Heinonen ex- 
tended this formula to smooth functions defined on a Carnot group. In [107] , 
R. Monti and F. Serra Cassano proved the analog of the coarea formula for 
£? ^-functions defined on a two-step Carnot-Caratheodory space. One more 
result concerning the analogue of (I1.0.3P belongs to V. Magnani. In 2000, he 
proved a coarea inequality for mappings of Carnot groups [95] . The equality 
was proved only for the case of a mapping defined on a Heisenberg group with 
values in Euclidean space M. k [96]. Until now, the question about the validity 
of coarea formula even for a model case of a mapping of Carnot groups was 
open. 

Main results of Section H] are formulated in [134] . 

2 Geometry of Carnot— Caratheodory Spaces 

2.1 Preliminary Results 

Recall the definition of a Carnot manifold. 

Definition 2.1.1 (compare with [681 1110] )- Fix a connected Riemannian 
C°°-manifold M of a dimension N. The manifold M is called a Carnot 
manifold if, in the tangent bundle TM, there exists a tangent subbundle HM. 
with a finite collection of natural numbers dim H\ < . . . < dim Hi < . . . < 
dim Hm = N, 1 < i < M, and each point pgM possesses a neighborhood 
U C M with a collection of C 1 -smooth vector fields X±, . . . , X N on U enjoying 
the following properties. 
For each v G U we have 

(1) Xi(v), . . . , Xn(v) constitutes a basis of T V M; 
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(2) Hi{v) = span{X 1 (f), . . . , X dimH .(v)} is a subspace of T V M of a di- 
mension dim Hi, i — 1, . . . , M, where Hi(v) = H V 'M; 
(3) 

[Xi,Xj](v)= J2 c ijk (v)X k (v) (2.1.1) 

deg X k <deg X t +deg Xj 

where the degree degX^ equals min{m | X k G H m }; 

(4) a quotient mapping [■, - ] : H 1 x Hj/Hj_i \— > Hj +1 /Hj induced by Lie 
brackets, is an epimorphism for all 1 < j < M. 

Remark 2.1.2. Note |llUj that Condition 4 is necessary only for obtaining 
results of Subsections 12.81 and 13.31 and its corollaries, and Section HI The 
point is that in statements of these subsections, we use the fact that any two 
points of a local Carnot group (see the definition below) can be joined by 
a horizontal (with respect to the local Carnot group) curve that consists of 
at most L segments of integral lines of horizontal (with respect to the local 
Carnot group) vector fields. The latter is impossible without Condition 4. 

Remark 2.1.3. Consider a C 2 -smooth local diffeomorphism 77 : U — > M , 
U CM. Then 77*^ = Drj{Xi) are also Caveator fields, % = 1, . . . , N. We 
have the following relations instead of fl2.1.ip : 

rj^XijXjKw) = [rjxXi^xXjKw) = ^(^(w^^X^w). 

deg X k <deg X, +deg Xj 

Denote by X(w) the matrix, the zth column of which consists of the coor- 
dinates of rj^Xiiw) in the standard basis {dj}^ =1 . Then the entries of X(w) 
are C 1 -functions. Note that 

7i m [Xi,Xj](w) = X(w)(c ijl (r]~ 1 (w)), . . . ,c ijN (r}~ 1 (w))) T . 

Consequently, 

(Ctfifa-'H), • • • , c l3N { V -\w))) T = (XH)- 1 • Vm [X u X 3 }{w). 

From here it follows that o r/ _1 are continuous, k = 1, . . . , N. Since 77 is 
continuous, then we have that each = (c^ o 77 _1 ) o 77 is also continuous, 
k = l,...,N. 

Example (A Carnot Manifold with C 1 -Smooth Vector Fields). Consider the 
C M vector fields X\,...,X n e H. Choose a basis in 

if 2 = spanjif, [H, H}} by the following way: 

x k (v) = J24( v )i x ^ x ^ v ) + 
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where a^(v), bf(v) G C 1 , — 1, . . . , N, k = n + 1, . . . , dimi? 2 - Similarly, 
we choose the following basis in H m+ i = span{if m , [H, H m ]}, m — 2, . . . , M— 
1: 

where a^(v),bf(v) G C 1 , i = 1,...,N, j,l = dimif m _! + 1, . . . , dimH m , 
k = dim H m + 1, . . . , dim H m+ x- 

Assumption 2.1.4. Throughout the paper, we assume that all the basis vec- 
tor fields Xi, . . . , X N are C 1,Q -smooth, and, consequently, their commutators 
are if "-continuous, a G [0, 1]. 

In some parts of this paper, we consider cases when the derivatives of 
the basis vector fields are if "-continuous with respect to some nonnegative 
symmetric function D : U x U ^ R, U m M, such that d > Cp, < C < oo, 
where C depends only on U, and p is Riemannian distance. Some additional 
properties of are described below when it is necessary. 

Notation 2.1.5. In the paper: 

1. The symbol X G C ' means that X G C\ and the symbol X G C° 
means X G C. 

2. 0-H61der continuity means the ordinary continuity. We denote a mod- 
ulus of continuity of a mapping / by uif(5). 

3. The Riemannian distance is denoted by the symbol p. 

Theorem 2.1.6. The coefficients Cijk = cijk{u) of ( 12. 1 . 1 ft with degXj + 
degX,- = degXfc define a graded nilpotent Lie algebra. 

Proof. Fix an arbitrary point u G M and show that the collection {cijk{u)} 
with degXfc = degXj + degX,-, enjoy the Jacobi identity and, thus, define 
the structure of a Lie algebra. The property = — Cjik is evident. Prove 
that the collection under consideration enjoys Jacobi identity. 

1 st Step. We may assume without loss of generality that X±, . . . ,X^ 
are the vector fields on an open set of K (otherwise, consider the local 
C 2 -diffeomorphism i] similarly to Remark 12.1.31) . 

N 

For a vector field X^x) = rjij(x)dj, consider the mollification (X i ) /i (x) = 

N 

(rjij * Wh){x)dj, i = 1, . . . , N, where the function to G C^°(B(0, 1)) is such 
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that J u(x) dx = 1, and Uh(x) = pv^(f)- By the properties of mol- 

B(0,1) 

lification rjij * u>h, i,j = l,...,N, we have \Xj)h — > Xi locally in some 

neighborhood of u. Note that the vector fields (Xi)h(v), i = 1, . . . , N, meet 
the Jacobi identity, and are a basis of T v Wl for v belonging to some neigh- 
borhood of u, if the parameter h is small enough. Consequently, setting 

N 

[{Xi) h , (Xj) h ] = J2( c ijk)h{X k ) h , we have 
fc=i 

{ c ijk)h{Ckrrd)h{Xl)h + {Cmik)h{Ckjl)h{Xl)h 
k I k I 

+ {Cjmk)h{Ckil)h{Xl)h ~ ' S / J [{X m )h{Cijl)fi\{Xi)h 

k I I 

- Y^KXMcmuhKXih - Yl^hiCjmdhKXdh = 0. 
2 I 

Note that, since {Xi)h — > Xi locally, and the vector fields {{Xi)h}^Li are 
linearly independent for all h > small enough, we have (cijk)h ~^ c ijk as 

Now, fix 1 < / < N. Since the vector fields {{Xi)h}^Li are linearly 
independent for h > small enough, we have 

^~]{Cjjk)h(Ckmi)h + yj {Cmik)h{Ckjl)h + {Cjmk)h{Ckil)h 
k k k 

- [(X m ) ft ( % ^] - [(XjOftCcwi)*] - [(^i)/»(c im j)ft] = (2.1.2) 

for each fixed I in some neighbourhood of u. Fix i,j,m and I such that 
deg X; = deg Xi + deg Xj + deg X m , and consider a test function e C£°(U) 
on some small compact neighborhood {7 3 w, C/ <<= M. We multiply both sides 
of (12.1.21) on ip and integrate the result over U. For h > small enough, we 
have 

= J \^2(cijk)h(v){c k mi)h(v) + ^2 ( c mik)h{v){c kj i) h (v) 

+ ^2 ( c 'jmk)h{v){c k u) h {v)\^ ■ ip(v) dv- [{X m ) h (ciji) h ](v) ■ (p(v) dv 

k 

u 

- J [{Xj) h (c m u) h }{v) ■ (p(v) dv - J [(Xi) h (c jm i) h ](v) ■ (p(v) dv. 
u u 
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Show that, among the last three integrals, the first one tends to zero as 
h — > 0. Indeed, 



[(X m ) h (ciji) h }(v) ■ tp(v) dv = - j [(X m )* h tp](v) ■ (ciji) h (v) dv, 
u u 

where {Xi)* h is an adjoint operator to (Xj)^. The right-hand part integral 
tends to zero as h — > since the value [(X m )* h (p]{y) is uniformly bounded in 
U as h — > 0, and [ciji)h{v) — »■ as h — > in view of the choice of I. The 
similar conclusion is true regarding the last two integrals. 

Consequently, taking into account the facts that (cy^.)/, — > c^k locally, 
and c^k = for degX fc > degXj + degXp and using du Bois-Reymond 
Lemma for h — > we infer 

Cijk{v)c kmi {v ) + ^ c mik (v)c kj i(v) 

k: degXjXdegXj+degXj fe: deg X fc <deg X m +deg X; 

+ C jm k{v)c kU (v) = (2.1.3) 

k: degX fc <degXj+deg X m 

for all v 6 M close enough to u. 

2 nd Step. For fixed I, such that degX ; = degXj + degXj + degX m , 
investigate the properties of the index k. Consider the first sum. Since 
degX < degX fc + degX m , we have degX fc > degX z - degX m = degXj + 
degXj. By (12. 1.1ft . degX^ < degXj + degXj, and, consequently, degX^ = 
degXj + degXj. The other two cases are considered similarly. Thus, the 
sum ( 12.1.3ft with deg X\ = deg X 4 + deg Xj + deg X m and v = u is 

^ Cijk{u)Ckml{u) + ^ C mi k{u)Ckjl{u) 

deg X k =deg X m +dcg Xj 



+ C jmk (u)Ckil(u) = 0. 



deg X fc =deg Xj +deg X m 

The coefficients {c ijk = Cy A (w)} deg x Jfc =degX i +de g x j enjoy the Jacobi identity, 
and, thus, they define the Lie algebra. The theorem follows. □ 

We construct the Lie algebra q u from Theorem 12. 1.61 as a graded nilpotent 
Lie algebra of vector fields {(X")'}^ on M. N [117J. Thus the relation 

[(xrr,(xjy]= Yl <**(«)(**)' 

deg X fc =deg X^+deg Xj 

holds for the vector fields {(X")'}^ 1 everywhere on ~R N . 
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Notation 2.1.7. We use the following standard notations: for each N- 
dimensional multi-index /x = . . . , fj, N ), its homogeneous norm equals 

TV 

\^\h = /^idegXj. 

i=l 

Definition 2.1.8. The Carnot group G U M corresponding to the Lie algebra 
q u , is called the nilpotent tangent cone of M at u G M. We construct G„M 
in ~R N as a groupalgebra |117j . By Campbell-Hausdorff formula, the group 
operation is defined for the basis vector fields (X")' on M N , i — 1, . . . , N, to 
be left-invariant [117] : if 



N N N 

X 

i=l i=l i=l 

where 



iV iV iV 

exp^x^)'), y = exp^y.W)') thenx-y = z = exp(^^(Xf)' 



^ = Xj + ^, degJQ = l, 

Zi = Xi + yi + K ,e 3 ( u ) ( x iVj - Vi x J ) ' deg Xi = 2, 

\ei+ej\h= 2 , 
l<3 

-.--,-....!,.... \ /- ' ill . />l^ 



|/u+/9|fc=fc, 
At>0,/3>0 

+ 2/i + Y G^piji^^y^ixiyj - yi x j), degX* = fc. 

|At+e i +/3+e J | h =fc, 

(2.1.4) 

Theorem 12.1.61 implies 
Theorem 2.1.9 ([IE]). If {^}iLi is the standard basis inW N then thej-th 

coordinate of a vector field (Xf)'(x) = z l( u i x )~i^r can ^ e written as 

3=1 Xj 

Sij if j < dimifdegx,, 

4(^x)={ J2 HA u ) xtl if j> dim H desXi . (2.1.5) 

\fM+ei\ h =degXj, 
At>0 

Definition 2.1.10. Suppose that u G M and (vi, . . . ,vn) G B E (0,r) where 
B E (0,r) is an Euclidean ball in M. N . Define a mapping 9 u (vx, . . . , v??) : 
B E (0,r) -> M as follows: 

N 

u (vi, ...,v N ) 



expf ^ViXi j(u). 
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It is known, that 9 U is a C 1 -diffeomorphism if < r < r u for some r u > 0. 
The collection {v is called the normal coordinates or the coordinates of 
the 1 st kind {with respect to u G M) of the point v = 9 u (v\, . . . , v at). 

Assumption 2.1.11. The compactly embedded neighborhood U C M under 
consideration is such that 9 U (B E (0, r u )) D [/ for all u EU. 

By means of the exponential map we can push-forward the vector fields 



(Xf )' onto U for obtaining the vector fields Xf = (6 u )*(X™y where 



Y G T X R N . Note that Xf{u) = Xi(u). Indeed, on the one hand, by the 
definition, we have (^ u )7 1 Xj(0) = e^. On the other hand, Theorem 12.1.91 
implies (Xf )'(0) = e*. Thus Xf (u) = X^u). 

Theorem 2.1.12. The vector fields Xf , z = 1, . . . ,N, are locally H a - continu- 
ous on u. 

The proofs of this theorem and of many other assertions concerning 
smoothness use often the following lemma (see its proof in Section [5]). 

Theorem 2.1.13. Consider the ODE 



1. If the mapping f(y,v,u) = f(y,u) G C l {y) fl C a {u) then the solution 
y(t,u) G C a {u) locally. 

2. Iff(y,v,u) G C^y,u) n C\v) and % G C^(y,u) then d -^£^ G 
C a {u) locally. 

Remark 2.1.14. The following statements are proved similarly to Theorem 



1. If the mapping f(y,v,u) from ( 12.1.61) does not depend on v, and it is 
C 1 -smooth in y and it is locally a-H61der with respect to nonnegative 
symmetric function d defined on U x U, U <s M, such that d > Cp, 
< C < oo, where C depends only on U, then the solution y(t, u) is 
also locally a-H61der with respect to 0. 



(e u )*(Y)(9 u (x)) =D6 u (x)(Y) 




(2.1.6) 



where t G [0, 1], y, v, u G W C R- 



and Lip (/) = L < 1. 



I27TT31 
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2. If f(y, v, u) G C 1 (y, u) fl C 1 (f ), its derivatives in ?/ and in u are locally 
a-H61der with respect to 0, |£ e C 1 ^, u), and the derivatives of |^ in 
?/ and in u are locally a-H61der with respect to then dy< ^^ u ^ is locally 
o>H61der with respect to t). 

Remark 2.1.15. One of particular cases of d is d^. 

Notation 2.1.16. Hereinafter, we denote a nonnegative symmetric function 
defined on U x U, U (s M, possessing properties from item 1 of Remark l2.1.14l 
by D. 

Proof of Proposition \2.1.TR 1 st Step. Taking into account Assumption [2U3 
we have the table 

m)\{X-)']{v)= J2 c ijk {u){Xt)'(y). 

deg X k =deg Jf ; +deg Xj 

By means of Assumpt ion 12 . 1 . 41 and Definition l2.1.14 the functions Cij k (u) from 
(12.1.11) are //"-continuous. 

N ^ N ^ 

If X = J2xi(X?)' and Y = £j/<(-X?)' then b y Campbell-Hausdorff 

i=l »=1 

formula we have exp tF o exp tX(g) = exp Z(t) (g) where Z(t) = tZ 1 + t 2 Z 2 + 
. . . + t M Zm and Z 1; Z 2 , . . . are some vector fields independent of t. Dynkin 
formula (see, for instance, [117] ) for calculating Zi(t), 1 < I < M, gives 

_ 1 (-l)^ 1 ^ (adF)^(adA) Pfc ...(ady) 9l (adX) Pl - 1 X 

' n piloi! . . . »fc!g fc ! 

fc=i (p)( 5 ) ri yi yw 

= E C (p)((?) (adF)' ?fc (adX) Pfc . . . (adF) 9l (adX) Pl - 1 X, 

(p)(?) 

where = const, (p) = . . . ,p k ), (q) = (q u q k ). We sum over all 

natural p 1: qi, . . . p k) q k , such that Pi + qi > 0, Pi + qi~\ \-p k + q k = I, and 

(ad A)B = [A, B], (ad A)°B = B. The each summand can be represented as 
a sum 

TV 
i=l 

where dj t i(u, x, y) are polynomial functions of x = (x±, . . . , xn), V = (yi, ■ ■ ■ , Vn) 
coefficients of which are polynomial functions of {ci mk (u)} and, consequently, 
are Holder in u. More exactly, 



Z l {v) = y ^du(u,x,y)0q)'[ 



M M N N 

E z > = E E d »( u > x >y)(*jY = E 

1=2 1=2 j=l j=l 



M 

E E 

L ' =2 |M+/9| fc =i, 
At>0,/3>0 



(*?)'■ 
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Consequently, 

M 



1=2 I ; 
M>0,/3>0 



Hence, F 3 p(u) are if "-continuous in u, and {Xf)' are also if "-continuous on 
u (see (JStSD). 

2 nd Step. Consider the following Cauchy problem: 



N 

dJ ^ = E^xm, 
i=i 

$(0,u,f) =u, 



(2.1.7) 



can 



where £ = . . . , £ N ). Note that $(t,tt,0 = exp I £ t&Xj ) (u). We 
assume without loss of generality, that M = R . If Assumption 12.1.^1 holds 

TV 

then the mapping /(£, $) = £iX($) is C 1,Q -smooth in £ and $. From the 

i=l 

definition, it follows, that 9 U (£) = <J>(l,tt, £). 

By theorem 12. 1.13l on smooth dependence of ODE solution on parameters 
(see Section for details), it is easy to see, that the differential D9 u (y) is 
if"-continuous in u. 

Since Xf(x) = D9 u (y)(X^)'(y), x = 9 u (y), the proposition follows from 
results of the 1 st and 2 nd steps. □ 

Remark 2.1. 17. If the derivatives of Xj, % = 1, . . .,N, are locally Holder 
with respect to 9, then Xf, % — 1, . . . , N, are locally Holder on u with respect 
to 0. 

Definition 2.1.18. The local Lie group corresponding to the Lie algebra 
is called the local Carnot group Q U ~M at u G M. Define it in such 
a way that the mapping 9 U is a group isomorphism of some neighborhood of 
the unity of the group G U M. and Q u Wl. The canonical Riemannian structure 
is defined by scalar product at the unit of Q u Wl coinciding with those in T U M. 

Remark 2.1.19. Recall that the vector fields X", % — 1, . . . , N, are locally 

,n _ v 

if "-continuous on M, a G [0, 1]. The exponential mapping exp I a>%Xf ) (g) 

is not defined correctly for such fields. Therefore, in view of smoothness of 
(0" 1 )* W); i = 1, . . . , N, we define the point 

N 



a = eX P ( ) ^ 
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according to Definition 12.1.181 first, we obtain a point 

N 



and then we define a = 9 u (a u ). Moreover, we similarly define the whole curve 
corresponding to this exponential mapping. Suppose that 



A' 



7u(*)=ga*-(0*W)(7«(*)) 
.7u(0) = l 9-\g). 

Then, for the curve j(t) = O u (j u (t)), we have 



N 



i(t) = E^xrh(t)) 



j(0)=g. 



In particular, we have: 



1. The exponential mapping 8 u (vi, . . . , v n ) = exp I ^2 ViXf ) (u) is defined 



A 



as 



i=l 



A 



exp (J2<X?y (°) 



i=l 



and the mapping (^i, . . . , f n ) = exp ( ViXf J (it?) is defined as 



N 



i=l 



A 



ex P 5>(xry kw) 



i=l 



2. The inverse mapping exp 1 is also defined by the unique way for vector 
fields {Xi}f =1 since it is defined by the unique way for {{Xf)'}f =1 . 



3. The group operation is defined by the following way: if x = exp ( Y2 x iXf 

V = exp I 22 ViXi I then x ■ y = exp I $J y { X^ I o exp ( 22 ^i X t 
\ i=1 / \ i=1 / \ =1 

exp I ZiXf J where taken from Definition 12.1.81 

h=i ' 
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4. Using the normal coordinates 9 U 1 , define the action of the dilation group 
5" in the local Carnot group Q U ~M: to an element x = exp ( XjX" ) (u), 

assign 5™x = expf XiS AegXi X^\ (u) in the cases where the right-hand 
side makes sense. 

Property 2.1.20. For each vector field Xf, i = 1, . . . , N, we have (5^)^X^(g) 
e desXi X?(6%g). 

This property comes from those on the "canonical" Carnot group T U M 



Lemma 2.1.21 ( |127j ). Suppose that u G U . The equality 

j 

^("K^ - x = ( Xl ,...,x N )eR N , 

i=l \fi+ei\ h =degXj, 
\n+ei\=l, /i>0 

holds for all degX,- > 2, 1 = 2,..., degXj. 

Proof. Consider a vector field X = Xi(Xi u )'. It is known that exprsX o 

i=l 

exprtX(g) = exp r(s + t)X(g). Therefore, by (12.1.41) . we have 

r^ + ^F^{g)s M x^ ■ t m x p = 

/i>0,/3>0 

for all fixed s and t, degXj > 2. It follows that the coefficients at all powers 
of r vanish. In particular, if \fi + (3\ = I > 2 then 



F^(g)s^x» -t^x? = 0. 



fi>0,/3>0,\/i+(3\=l 

Consequently, if |/?| = 1 then we infer 

deg Xj j 

Z=2 i=l | M +e i | h =degX J , 

/j+e;|=£,/i>0 

where s is an arbitrarily small parameter. Therefore, all coefficients of the 
polynomial P(s) at the powers of s vanish. The lemma follows. □ 
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Lemma 2.1.22 f [127j ). Let u EU be an arbitrary point. Then 

N N / N 



exp ( ^ a i X i ) ( U ) = eX P ( ^2 



/or a// |ai| < r U; i = 1, . . . , N . 

Proof. Lemma [2.1.211 implies that the line R 3 1 1— > i(oi, . . . , ajv) is the inte- 
gral line of the vector field ^ Oj(X")' starting at as t = 0. By the definition 

i=l 

of the exponential map, we infer M. N E5 (ai, . . . , a^v) = aj(X")'(ai, . . . , a^r) = 

i=i 

/iV — . \ 

expf ^ Oj(Xf) J , i. e. the exponential map equals the identity. From this, 
it follows immediately that 

a = u (ai, ■ ■ ■ , ajy) = g M ( ^ ^(Xf)' J 

= £ u (exp ^ a,(Xf )') ) = exp (j^ ^) 

according to Remark 12.1.191 □ 

Definition 2.1.23. Suppose that M is a Carnot manifold, and u e M. For 
a,p £ {? U M, where 

AT 



expf ^OiJQjip), 



we define the quasimetric d^ {a,p) = max{|aj| dogX * } on C/ U M. 

i 

The following properties comes from those on the "canonical" Carnot 
group T U M p]. 

Property 2.1.24. It is easy to see that d^ X} {x,y) is a quasimetric on Q u Wl 
meeting the following properties: 

1. d^cix, y) > 0, d^x, y) = if and only if x — y\ 

2. d^(u,v) = d^(v,u); 

3. the quasimetric d^(x,y) is continuous with respect to each of its vari- 
ables; 
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4. there exists a constant Qa = C&(U) such that the inequality 



d u 00 (x,y)<Q A (d u QO (x,z) + d u 00 (z,y)) 



holds for every triple of points x, y, z G U. 



Property 2.1.25. Let 



w £ = exp (J2 e^WtX? (v) and g £ = exp PT e^gSt («)■ 




Then d u oa {w £l g £ ) = sd^wt, gx). 

By Box u (a;, r) we denote a set {?/ G M : d^(x,y) < r}. 
Property 2.1.26. We have <^(Box u (u, r)) = Box u (M,er). 

2.2 Gromov's Theorem on the Nilpotentization of Vec- 
tor Fields and Estimate of the Diameter of a Box 

Definition 2.2.1. Suppose that M is a Carnot manifold, and let U C M be 
as in Assumption 12.1.111 Given 



u,v 6 [/, define the quasimetric d^u^v) = max{|i> j| degX ; }. By Box(x,r) we 



denote a set {y G M : doo(x,y) < r}, r < r x . 

Definition 2.2.2. Using the normal coordinates Q~ A , define the action of 
the dilation group A" in a neighborhood of a point u G M: to an element 

( N \ ( N \ 

x = exp ( XiXi ) (it) , assign A^x = expf XiE degXx Xi j (it) in the cases 

where the right-hand side makes sense. 

Property 2.2.3. By Lemma [2.1.221 we have A"x = 5™x. 
Property 2.2.4. By Lemma [2.1.221 we have Box"(u,r) = Box(it, r). 
Property 2.2.5. We have A"(Box(w, r)) = Box(ix, er), r G (0, r u ]. 
Property 2.2.6. The quasimetric doo has the following properties: 

1. (it, v) > 0, d^iu, v) = if and only if it = v; 

2. doofav) = doo(i;,it); 




i=i 
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3. the quasimetric d^u, v) is continuous with respect to each of its vari- 
ables; 

4. there exists a constant Q = Q(U) such that the inequality 

doo(u, v) < Q{doo(u, w) + doolw, v)) 
holds for every triple of points u, w, v G U. 

Proof. The proof of properties 1-3 is based on known properties of solutions 
to ODE's. We prove the generalized triangle inequality at the end of current 
subsection (see Corollary 12.2.141) . □ 

Theorem 2.2.7. Let Xj G C 1 . Fix u G M. If d^u.w) = Ce, then 



J2 [S kj + 0(e)}X k + o(e A ^ x ^ x ^)X k (w) 

k: dog Xfe <deg Xj 



j = 1, . . . , N. All o(-) are uniform in u belonging to some compact subset of 
U. 

Proof. 1 st Step. Applying the mapping 6~ x to each vector field Xj, j = 
1, . . . , N, we deduce 

N 

Dd- 1 X-{s) = Y,^Me k , 



k=l 



where {e k } k=1 * s the collection of the vectors of the standard basis in 
and by (lfl31) 



z k As) = 5 kj + 



Hh=dcg X fe -dcgX,>0 

Note that, here \s*\ = 0(e degXk - desX j), since 

doo(0,s) = d M (C(«).«) = CM«(s)) = 0(e). 

Then 

N N , 1 p N 



k=l 



k=l 



1=1 



(*«(«)) 



N 



since D6 u (s)e k = X k (O u (s)) + \ X k ,Y, s L Xi (6» n (s)), where s = (s 1; . . . , s N ). 

1 i=i J 
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To understand the latter, it is enough to consider the following equalities 



u (s + re k ) = exp ( ^ s i X i + rX k ) («) 

( N \ ( N \ f N 

= exp ( ^2 s i x i + rX k ) ° exp f - ^ siXi J o exp ( s^X, 



exp(rX fc + - X k ,^siXi + o(r) j 



u) 

+ o(r) KW, 



and note (see justification of this calculation for C -"--vector fields in [2]) that 

N 



d 1 

D6 u (s)e k = — 6 u (s + re k ) = X k {9 u (s) + - 
ar r=o 2 



-i^fcj ^X 



(*«(*))■ 



In view of the properties of the point s, we get \si\ = 0(e dcgXt ), I = 
1, . . . , N. Moreover, taking into account the definition of a Carnot manifold, 
we have 

AT -i JV 

X k ,Y,aiXi %(s))=Y t Yl c klm (0 u (s))X m (6u(s)). 

1=1 J 1=1 m:deg X m <deg X^+dcg X; 

Consequently, 



N 



x -{e u {s)) = Y,^{s)X k {9 u {s)) 



k=l 
j N N 

+ 2^5Z z k J (s)s l c klm (6 u {s))X m (e u (s)) 

k=l 1=1 degX m <degX fc +degX i 



AT 

fc=l m,Z:degXi. <deg^ 



^(^^(^(s)) X k (6 u (s)). 



m,l:deg X k <deg X m +deg X; 

where |^ m (s)| = 0(£ dc s x ™- de ^) and 

|z™(s)sj| = ( £ degX m +degX ; -degX^_ 



(2.2.1) 
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Represent the last sum as 

1 



E 

fc:dog X k <degXj 

+ E 

fc:degXfc=degX, 



41*) + 2 ^ 

m,Z:deg X k <deg X m +deg X; 



E 



E 



^ m (s)^c mifc (^( S ))jX fc (^( S )) 

^(s)^C m y(^(s))lX i (^(s)) 



m,Z:deg X,- <deg X m +deg X; 



+ E 



2 * (s)H 4 



E 



zyM»*W*(»«M) A' t (9„(s)). 



m,Z:deg X fc <deg X m +deg X; 



(2.2.2) 



Note that, we have z*(s) = if k < j. Next, if k < j and degX fc = 
degX m + degX;, we have m < j and z™(s) = 0. Thus, for the first sum 
equals 



E 



- ^"(s)s,c mIt («„(s)) X k {0 u (s)). 

k: deg X k <deg Xj m,l:deg X k <deg X m +deg X; 



Similarly, for the second sum we have Zj(s) = 8^, and if degX,,- = degX m + 
degX; then Zj l (s) = since this relation implies m < j. Thus, we obtain 



E 

fc:degX fc =degXj 



^ + 2 E zf{s) Sl c mlj {e u {s)) XtfM). 

m,l: deg Xj <deg X m +deg X ; 



In the third sum, the functions Zj(s) and zj l (s) can take any possible values. 
2 nd Step. Now, we calculate more exact estimates of (12.2.11) . 

• Let degXfc > degXj and degX^ = degX m + degX/. From the above 
estimate we infer 



\zf{s) Sl \=0{e 



degX fc -degXj 



Next, suppose that degX^ > degXj and degX^ < degX m + degX/. 
Then all the situations degX m > degXj, degX m = degX^ and 
degX m < degXj are possible. Here we have 



'eO(e dcgX ') < £ 0(s dcsXk - desX J 

Q/ £ degXA < £ Qf £ degX k -degXj\ 




if degX m > degX i; 
if degX m = degXj, 
if degX m < degXj . 
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• Let now degX k = degX,- and degX k < degX m + degX t . We again 
have to consider the situations degX m > degX,-, degX m = degXj and 
degX m < degXj. It follows 

{eO (e dog x >) < eO ( 1 ) if deg X m > deg X j , 
(e d ^ x ') < eO(l) if degX m = degX,-, 
if degX m < degXj. 

• Finally, let degX fc < degXj and degX fc < degX m + degXi. In three 
situations degX m > degXj, degX m = degXj and degX m < degX,-, 
we obtain the same result as in the previous case: 

{eO (e dog x ') < eO ( 1 ) if deg X m > deg X j , 
0(e dcgX ') < eO(l) if degX m = degX,-, 
if degX m < degXj. 

Thus, in the first sum of (I2.2.2p . the coefficients at X k equal 0(e), and 
in the second sum the coefficient at Xj equals 1 + 0(e), and the coefficients 
at X k for k ^ j equal 0(e). 

3 rd Step. Consider the last sum (where degX^ > degXj). Note that, 

C m lk(0u(s)) = Cmlk(u) + o(l). (2.2.3) 

Then, taking into account (12.2. ip and the results of the 2 nd step, we deduce 

-zf (s)s ; c mifc (# u (s)) 

m,l:deg X k <deg X m +deg X t 

Yl zf(s)sic mlk (d u (s)) 

m,/: deg X fc =deg X m +deg X t 

+ Y zf(s)sic m i k (6 u (s)) 

to,/: deg X fc <deg X m +deg X t 

J2 zf(s)s lCmlk (u) + o(l) ■ e dc ^~ d ^ 

to,/: deg X fe =deg X m +deg X t 

+ e ■ 0(e dcgXk ~ dcsX >) 
E zf(s)s l c mlk (u) + o(l)-e d ^- d ^. (2.2.4) 

m,Z:deg X k =deg X m +deg X t 
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Consequently, 



XJ(0u(s))= [Skj + 0(e)]X k 

k : dcg X k < dcg Xj 
1 



+ 



k: deg X k >deg X,- 



X>f(s)s lCm ,fc(«) + o (5 dcgXfc - dcsX X fc (0 u (s)), 



where m, I in the last sum are such that degX^ = degX m + degX;. 
4 th Step. It only remains to show that 



+ 2 zj l (s)s l c mlk (u) = 5 kj . 

m,l:deg X k =deg X m +deg X x 



(2.2.5) 



For obtaining this, consider the mapping 6 u (x) = exp( XiX^ ) (u) = 9 u (x 



N 



i=l 



and apply the arguments of the 1 st step with the following difference: it is 
known, that the vector fields Xf, i — 1, . . . N, are continuous, but they may 
not be differentiable, and formally, we cannot consider commutators of such 
vector fields. Therefore we modify previous arguments. For doing this, we 
consider the following representation of the identical mapping: 

N 



e ( s ) = e W (j2^De-\xr))(o) = s, 



and represent e k = D9o(s)(e k ) as before we represented D9 u (s)(ek)- It is pos- 
sible, since the vector fields D9~ l (Xf), % — 1, . . . , N, are smooth. Similarly 
to the 1 st step, we infer 



DU^k) = De-\x-){Us)) + \ 



N 



De-\x u k ),J2siDe-\xn 



i=i 



(do(s)). 



Since 9 (s) = s and in view of properties of the vector fields D9 U 1 (X™), 
% — 1, . . . , N, we deduce 



e k = D6- u 1 {X u k ){s) + 



N 



DO-'iX^^stDO-^Xn 



i=i 



~ ^ 1 N ^ ^ 

Dez\Xt){s) + - si £ c klm (u)D9~\X^(s). 



= 1 deg X m =deg X k +deg X; 
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It follows 

.Y 

2 



1 N 

D6 u (s)e k = X u k {9 u {s)) + - ^ s t ^ c klm (u)X^(9 u (s)). 



1=1 degX m =degX k +degXi 

Applying further the arguments of the 1 st step, we have 

N 



X-{O u {s)) = J2[ z j( s ) + \ E zf(s)s lCmlk (u)\x u k (9 u (s)), 

k=l rn,l:degX k =degX m +degXi 

and thus (12.2.51) is proved. 

Taking into account the result of the 3 rd step, we obtain 

*iW= E [S kj + 0(e)]X k + o(e dc ^- dc ^)X k (w), 

fe:degXfe<deg Xj fc : deg > deg Xj 

j = 1, . . . , N. The theorem follows. □ 

Remark 2.2.8. 1. If the vector fields Xi, i — 1, . . . , N, belong to the class 
C 1 '", a e (0,1], then in (12.2.31) and, consequently, in (12.2.41) . we obtain 
o(l) = 0(p(u, 9 u (s)) a ). In this case, we have 

*j* h = E + °( £ )} x k 

k: deg X k <deg Xj 



k: deg X k >dcg X 



2. If the derivatives of the basis vector fields are Holder with respect to 
doo, we obtain o(l) = 0(d 00 (u, 9 u (s)) a ) = 0(e a ), and 

X?H= E [S kj +0{e)]X k + Yl 0(e dcsXk - d ^ +a )X k (w). 

fc : deg < deg Xj fc : deg X j. > deg Xj 

3. If the derivatives of the basis vector fields are Holder with respect to 
0, we have 

*iW= E [S kj + 0(e)]X k 

k : deg X k < deg Xj 

+ ^ 0(M,^(s)) Q -o(£ dcgXfc - degX 0^fc(^)- 

fc:deg X k >degXj 
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Corollary 2.2.9. For x G Box(u,e), the coefficients {a-j,k(x)} x k=l f rom the 
equality 

N 

Xj (x) = Y,Hk{^)Xt{x) (2.2.6) 

k=l 

enjoy the following property: 

{0(e) if degXj > degX k , 

5 kj + 0(e) if degX, = degX fc , (2.2.7) 

^dcgx fc -degx^ % j degXj < degX k , 

j = 1, . . . , N . All "o" are uniform in u belonging to some compact subset of 
U. 

Proof. According to Theorem 12. 2 .7\ the coefficients bj tk (x) from the relation 

N 
k=l 

j = 1,...,N, have the same properties. Put A(x) = (aj k (x)) x k=1 and 
B(x) = (b hk (x))" k=1 . Then Mr) = B(x) '. 

We use the well-known formula of calculation of the entries of the in- 
verse matrix to estimate all dj jk (x), j,k = 1 . . . , N. We estimate the value 
l a i,A;( x )l = ^defjgOr)^ ' wnere ^e (N — 1) x (N — l)-matrix Bj k is constructed 
from the matrix B(x) by deleting its jth column and kth line. 

It is easy to see that | detB(x)\ = 1 + 0(e), where 0(e) is uniform for x 
belonging to some compact neighborhood U C M. 

Next, we estimate | det Bj tk (x) |. Obviously, | det Bjj(x)\ = 1 + 0(e), 
where 0(e) is uniform for x belonging to some compact neighborhood U C M, 
./ 1 v. 

Let now k > j. By construction, the diagonal elements with numbers 
(M)> j ^ * < k, equal o(e desXi+1 ~ desXi ), and the elements under these ones 
equal 1 + 0(e). Note that, detBj^ k (x) up to a multiple (1 + 0(e)) equals 
the product of determinants of the following three matrices: the first P(x) = 
Pi,i(x) is a (j — 1) x (j — l)-matrix with Pij(x) = b i: i(x), the second Q(x) = 
qij(x) is a (k — j) x (k — j)-matrix with qij(x) = b i+ j^ij + j(x), and the third 
R(x) = r i;i (x) with n 7 i(x) = b i+k -i,i+k-i{x). 

For the matrices P(x) and R(x) we have |detP(a;)| = 1 + 0(e) and 
|det-R(x)| = 1 + 0(e). By construction, q ¥ (x) = ( e <kg-x*+i-<kg*i) and 
Qi+i,i(x) = 1 + 0(e). We have that the product of the diagonal elements of 
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Q(x) equals 

fe-i 

Y[ o(e dcgXi+1 ~ degXi ) = (e dcgXk ~ AcgX: >). 

i=j 

It is easy to see that, for all other summands constituting det Q(x), we have 
the same estimate. 

Similarly, we show that for k < j we have | det Bj^(x)\ = 0(e). Here 
0(e) is uniform for x belonging to some compact neighborhood !7cM. The 
lemma follows. □ 

Remark 2.2.10. Similarly to Remark EES 

• if Xi G C x ' a then 

{0(e) if degXj > degJffc, 

5 kj + 0(e) if deg Xj = deg X k , 

p(u,x) a ■ ( £ de S x k -de g x^ if deg X,- < degX fc , 

• if the derivatives of the basis vector fields are Holder with respect to 
doo then 

(0(e) if degX^degX,, 

a j,k( x ) = \ $kj + 0(e) if degXj = degX k , 

{ O (e dcg Xk - dog x j +a ) if deg Xj < deg X k , 

• if the derivatives of the basis vector fields are Holder with respect to d 
then 

{0(e) if degXj > degX k , 

5 kj + 0(e) if degXj = degX fe , 

d(u,x) a ■ 0( £ degX fe -degX^ j f deg X . < d eg X fe , 

j = l,...,N. 

Corollary 12 . 2 . 91 imply instantly Gromov's Theorem on the nilpotentization 
of vector fields [68J. 

Corollary 2.2.11 (Gromov's Theorem [68]). Let Xj e C 1 . On Box(g,er 9 ), 
consider the vector fields { e Xj}={e deg Xi Xj} , i — 1, . . . , N. Then the uniform 
convergence 

Xt=(A 9 E _ 1 );X i ^Xf ase^O, i = l,...,N, 

holds at the points of the box Box(g, r g ) and this convergence is uniform in g 
belonging to some compact set. 
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Proof. Really, by flMSD, Q2I2ZZD and in view of Corollary [2ZH and Prop- 
erty [2111201 we infer 



N 

Xf(x) = ((A^)/^)(x) =e de ^^a, fc (Af(x))((A^ 1 )A 9 )W 

AT 
fc=l 

= J- e^ x '- dc ^(5 lk + 0(e))X 9 k (x)+ £ o(l)Xf(x) 

fc:degX fc <degX; k:degX k >degXi 

as e — > 0. It follows the uniform convergence X? = (A 9 _ x ) £ Xi — > Xf as 
£ — > 0, i = 1, . . . , N, at the points of the box Box(g, r g ) and this convergence 
is uniform in g belonging to some compact set. □ 

Remark 2.2.12. For C°°-vector fields, the above corollary is formulated in 
|101[ 1119] in another way: Xf is an homogeneous part of Xi, 1 = 1, . . . , N. 
This statement implies Corollary 12.2.111 It is shown in [67J that, applying 
similar arguments, the smoothness of vector fields can be reduced to be 
2M + 1. 

Estimates (12.2.71) were written in the proof of [1301 Thereom 3.1] as a 
consequence of the Gromov's Theorem which can be proved by method of 
|119] under an additional smoothness of vector fields: Xj G (j2M-degXj _ 
Corollary 12.2.111 shows that estimates (12.2.71) are not only necessary but also 
sufficient for the validity of the Gromov's Theorem. In our paper estimates 
( 12.2.71) are obtained under minimal assumption on the smoothness of vector 
fields: Xj G C 1 , j = 1,...,N. Thus, taking into account the footnote in 
[T301 p. 253], all results of papers [T23 EH EH EH [132] are valid under 
the same assumptions on the smoothness of basis vector fields. 

Recall that Gromov [6"Sl p. 130] has formulated the theorem under as- 
sumption Xj G C 1 . Valerh Berestovskh sent us the following example con- 
firming that arguments of Gromov's proof have to be corrected. 
Example. Let X = Y = xyf x +% + x± Then Z := [X, Y] = y& + &, 
[X, Z] = 0, [Y, Z} = £-y(y£ + £) = (l-y 2 )£- y£. One can easily see 
that X, Y, Z constitutes a global frame of smooth vector fields over the ring 
of smooth functions in M 3 . Also for corresponding one-parameter subgroups 
X(x), Y(y), Z(z), we have (X(x) oY(y) o Z(Y))(0,0,0) = (x,y,z). Under 
this X = -t^ on R 3 , Y = on x = 0, Z = on z-line (even on y — 0). On 
the other hand, -§^Z = X + [Y, Z] (see above) on x = 0. This contradicts to 
the Gromov's statement that (A) of [68], p. 131] implies (B) of [681 p. 132] in 
general case. 
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Corollary 2.2.13 (Estimate of the Diameter of a Box). In a compact neigh- 
borhood U CM, for each point u G U and each e > small enough, we have 
diam(Box(-u, e)) < Le, where L depends only on U . 

Proof. Assume the contrary: there exist sequences {^fcjfceN, {^fcjfceN, {vk}k& 
and {wfc}fc g N such that e k — ► as k — > oo, d^Uf-, u*.) = £k and d^Uf-, Wk) < 
Ek but d^Vk^Wk) > ksk- Since U C M is compact, we may assume without 
loss of generality that Uk — > uq as k — > oo. Then Vk — > wo and — > uq as 
A; — >■ oo. 

Assume without loss of generality that e deg i DA"* 1 JQ(a;) — > X^ k (x) as 
e — > for x G Box(w , -^ r o) uniformly in Uk, i = 1, . . . ,N, where K = 
max{5,5c 4 }, c is such that d^(v,w) < c(d^(u,v) + d%*(u,w)) for all k G N 
big enough, and k G N is big enough (see Corollary 12. 2. lip . Note that, c < oo 
since c{uk) continuously depends on values of {Fip(uk)}j,n,p, consequently, it 
depends continuously on Uk- Moreover, the choice of K implies the following: 

1. For k big enough, we have that an integral curve of a vector field with 
constant coefficients connecting A Uk _i(iUfc) and A Uk in the local 

Carnot group Q Uk Wl lies in Box(iifc, Ktq); 

2. We may choose k by the following way: <i 00 ('Uo,Mfc) < r and the Rie- 
mannian distance between the integral curves corresponding to the col- 
lections {X? h }? =1 and {(r ( T 1 £ fe ) degXi - DA " /! -^ X i)f=i ( with constant co- 
efficients) that connect points A Uk -i(wk) and A Uk _i(ffc), is less than 

, N \ , N \ 

Fix fc G N. Then v k = exp ( ]P '-X* ) (u k ), w k = exp E Tfcef* *X t ) (u k ), 

and Wk = exp ( E d(ek)s k eg i XA(vk)- Apply the mapping A Uk _ x to Vk and 
lOfe. We have 

Al ( Wk ) = exp Ue)ef^DA2 ,x) (A- ( Ufc) ). 

Note that, d^iuk, A^^ivkj) = r and doo(u fc , A"^^)) < r . In view 

of Corollary [MH1 the vector fields (r - 1 £ fc ) degXi J DA 11 ' ! = Xf fc (x) + 

o(l), i = 1, . . . , N, where o(l) is uniform in x and in Uk- Consequently, since 
dimspan{X" fc (x)}^ 1 = iV at each x G Box(«o, ro), the Riemannian distance 
between A Uk ^ 1 (wk) and A Uk _i(t>fc) is bounded from above for all k G N big 

enough. Therefore, the coefficients Ci{ £ k), i — l>--->^) are bounded from 
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above for all k 6 N big enough. The assumption d^Vk, Wk) > kek contradicts 
this conclusion. 

Thus there exists a constant L = L(U) such that diam(Box(w, e)) < Le 
for u £ U . The statement follows. □ 

From the previous statement we come immediately to the following 

Corollary 2.2.14 (Triangle inequality). The quasimetric doo(x,y) meets lo- 
cally the generalized triangle inequality {see Property \2. 2.61) . 

Corollary 2.2.15 (Decomposition of the basis vector fields). Fix a point 
6 u (s) G Box(m, 0(e)). Remarks \2. 2.8\ and \2.2.7U imply the following decom- 
position of D6~ l X i; i = 1, . . . , N : 

N 

[De-'x^ = [(xr)'(s)], + Y,M°M) ~ **)[(*?)'(*)],•• 

k=l 

If d 00 (u,9 u (s)) = 0(e), we have 
[DtfXM, = zj(u,s) + 0(e)4(u, 8 ) 

fc:deg X k <degXi 

k'. dog X k >degXi 

IfdegXj < degXi then [DO^X^s)^ = 5^ + 0(8). For degXj > degX { we 
have: 

• If the basis vector fields are C l -smooth then we deduce [DO^X^s^j = 
z\(u, s) + 0(e desX ^ degXi+1 ) + o(l) • e^sXj-degX^ and there f ore 

[De-'X^s)}, = zi(u, s) + (e d ^~ d ^). 

• If the derivatives of the basis vector fields are H a -continuous with re- 
spect to d, then ifdegXj > degXj we have 

[DtfXiMh = 4{u, s) + e u (s)) a ■ oie***-***). 

In particular, for a = 1 and d = d^ or = d^, where d^u, z) = 0(e), we 
have 

[£>C*i(*)k = 4(u, s) + o(e dc ^~ d ^ x ^). 
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2.3 Comparison of Geometries of Tangent Cones 

The goal of Subsections 12. 3[ 12.41 and 12.61 is to compare the geometries of 
two local Carnot groups. The main result of Section [2] is the following 

Theorem 2.3.1. Let u,u' G U be such that d^u^u') = Ce. For a fixed 
Q EN, consider points wq, dao(u,Wo) = Ce, and 



w 6 : = exp 



N x , N v 

3 = exp ( g w^s^Xrj K £ _i), wf = exp ^*Xf) «_ x ), 



Wo' = — = w o> 3 — I; • • • ) Q- (Here Q G N is such that all these points 
belong to the neighborhood U C M, for all e > 0.) Then for a > 0, 

max{C(<4, w%), dt{w £ Q , w%)} = e ■ [Q(C, C, Q, {FiJ^)}p(u, «')*■ 

(2.3.1) 

In the case of a = 0, we have 

maxfCH, «©, d£(w e Q , w%)} = e ■ [Q(C, C, Q, {F^ } j ,*,p)]Hp(u, v!)))* 

where u — > is a modulus of continuity. (Here O is uniform in u, u', Wq G U 
and {wij}, i — 1, . . . , N, j — 1, . . . , Q, belonging to some compact neighbor- 
hood ofO, and it depends on Q and {_Flp\j,ii,i5-) 

Remark 2.3.2. If the derivatives of Xi, i = 1,...,N, are locally Holder 
with respect to D, then we have D(u,u')m instead of p(u,u')m in (12.3.11) . 

In the current subsection we prove the "base" of the main result, i. e., we 
obtain it for Q = 1 and e = 1. The full proof is written in Subsection 12.61 

Fix points u, u' G U, where U is such that Assumption 12. 1 .41 holds. Recall 
that the collections of vector fields {X^}f =1 and {X™ }f =1 are frames in Q U ~M 
and in Q u M respectively. 

Definition 2.3.3. By X p (q) } we denote the matrix, such that its ith column 
consists of the coordinates of the vector Xf(q), i = 1, . . . , N, p G M, q G Q P M., 
in the frame {Xj}j =1 . 



Lemma 2.3.4. Suppose that Assumption 2.1.4 holds. Let E(iz, u', q), q G M, 
be the matrix such that 

X u '(q)=X u (q)Z(u,u',q). (2.3.2) 
Then the entries ofE(u,u',q) are (locally) H° -continuous in u and u' . 
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Proof. The proof of this statement follows from Theorem 12.1.121 Indeed, it 
implies that the vector fields {Xf}f =l are locally i? a -continuous in u. Since 
we prove a local property, and M is a Riemannian manifold, then, instead of 
M, we may consider without loss of generality some neighborhood U C M. N 
containing u and vl . Then it is easy to see that the entries of the matrices 
X u and X u are (locally) if "-continuous on U x U. Since both matrices 
are non-degenerate in U C M, we have that H(it, u', q) = X u (q)~ 1 X u ' (q) is 
also non-degenerate, and its entries S^tt, u', q) belong locally to C a (U x U), 
i,j = l,...,N. ' □ 

Remark 2.3.5. If the derivatives of Xi, i = 1,...,N, are locally Holder 
with respect to 0, then the entries of 5 are also locally Holder with respect 
to (see Remark l2.1.17p . 

Remark 2.3.6. Suppose that Assumption 12.1.41 holds. Since E(v,v',q) 
equals the unit matrix if u — vl then Hy = 5ij + Qp(u, u') a where 6 = 
Q(u,u',q) is a bounded measurable function: |0| < C, and the constant 
C > depends only on the neighborhood U CM.. 

Proof. Note that E(u,u,q) equals the unit matrix. Then the a-H61der con- 
tinuity of all vector fields implies \Eij(u,u',q) — Sy \ < C(p(u,u') a ), where 

c= sup \^h<AzM <OQ 

u,u', q eu p{u,u') a 
depends only on the neighborhood U C M. □ 

Remark 2.3.7. If the derivatives of Xi, i = 1,...,N, are locally Holder 
with respect to D, then H^-(«, u', q) = dij + G0(m, u') a . 

Notation 2.3.8. Throughout the paper, by the symbol 6, we denote some 
bounded function absolute values of which do not exceed some < C < oo, 
where C depends only on the neighborhood where is defined (i. e., it does 
not depend on points of this neighborhood). 

Theorem 2.3.9. Let 

N N 

w = exp wSf) (v), w' = exp WiXfj (v). 

i=l i=X 

Then, for a > 0, we have 

m^{d^{w,w'),dt{w,w')} = &[p(u,uTp(v,w)}iT, (2.3.3) 

where u,u',v e U, {wi}f =1 e U(0) C R N . 
In the case of a = 0, 

max{d^{w,w'),d'i{w,w')} = G[u s {p{u, u'))p(v, w)]& . 
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Remark 2.3.10. Here (see Notation 12. 3. 8p . the value 

sup \Q(u, u\ V, {Wi}^ =1 )\ < oo 



depends only oti!7cM and U(0) C 



Proof of Theorem \2. 3. gl 1 st Step. Fix g G ML Notice that both collections 
of vectors {Xf{q)}f =l and {Xf(q)}? = x are frames of T g M. Consequently, 
there exists the transition (N x iV)-matrix E(u,u',q) = (E(u,u',q)) itk such 
that 



N 



X?{q) = Y,(^u\q)\ k X u k {q). (2.3.4) 



k=l 



Remark 12.3.61 implies that 



1 + Qi ip(u, u') a if % = j, 
Z(u,u',q) itj =\ 1 J : (2.3.5) 

Thus Xf(q) = X?(q) + [E(u,u',q) - I]X?{q) where \[B{u,u',q) - I]\ k ,j = 
e ktjP (u,u') a for all k,j = l,...,N. 

2 nd Step. Consider the integral line 7(t) of the vector field ^ W{X^ 

starting at v with the endpoint w'. Rewrite the tangent vector to 7(t) in the 

^ N ^ 

frame {X? as <y(t) = £ W(t(*))- From f[2~OD it follows that 

i=i 

JV 

w i(l) = ^2w k (E(u,u',q)) k ,i. 

k=l 

From (12.3.51) we can estimate the coefficient u>" at Xf: 

N 

< = w i + ^H©mpK U T\ i = l,...,N. (2.3.6) 

k=l 

3 rd Step. Next, we estimate the Riemannian distance between w and 
w'. By n(t) denote the integral line of the vector field Yl w iXf connecting v 

8=1 

and w, i. e., a line such that /t(0) = v and 

N 



8=1 
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By means of the mapping 6 u l we transport K,(t) and 7(i) to M. N . Let 
«u(*) = and 7«(*) = ^(7(*))- Then 

A 7 " 

8=1 

and similarly 

JV JV 

7„(t) = E^(^ 1 )*^' = £<(*)(^r)'(7«(*)) 

i=l t=l 
^ iV ^ 

since (e- 1 ),^'^) = E(2(«)W')?))<,fcW) / (?) ( see (HI)- Using formula 

fe=i 

(12.1.51) rewrite the tangent vectors in Cartesian coordinates: 

w ^ d N d 

Ku(f) = ^2wi^2zl(u,K u (t))— = ^Wj(u, K u (t)) 



where 



Ox j z -' ' dxj 

i=i j=i j=i 



JV j-i 

i=l i=l 



Similarly 



d 



j= i i 

where 



j'-i 

i=i 

Now we estimate the length of the curve \ u (t) = j u (t) — K u (t) + ^ x {w) with 
endpoints 9~ 1 (w) and 9~ 1 (w / ). The tangent vector to \ u (t) equals 

N ~ 

Kit) = i u (t) - K u {t) = Y,[W?(u, lu (t)) - Wj{u^ u {t))\ ' 



dxj 

N 



- Wj ) +J2 Wi (4(u nu (t)) - zj(u, n u (t))) 

j=l i<j 

N 

+ J2(w:(t)- Wi )zi(u, lu (t)). (2.3.7) 
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Notice that for the last sum we have 

N 

J2«(t)- Wi )zi(u, lu (t)) = Qp(u,uTp(v,w) 
since wf(t) = Wi + Qp(u,u') a p(v,w) by (12.3. 6p . By properties of z?, 

zi(u, lu (t))-z{(u,K u (t)) = e[j2 FleMit) ~ <(t)) 

Notice that 

t 

\lu{t) - K u (t)\ < / \iu(r) - K u (r)\dr. 



o 

Consequently 

max \j u (t) - K u (t)\ < max \j u (t) - K u (t)\ = max |A u (t)|. 

Applying these estimates to (I2.3.7P we obtain 

max |A u (t)| = Qp(u, u') a p(v, w) + Qp(v, w) max |A u (t)|. 

From here it follows 

, • ... Qp(u,u') a p(v,w) ^ , ls „ . 
max \ u t = V ' J . HK \ ' < ep(u,u') a p(v,w) 
t 1 — fc)p(f , w) 

if Qp(v,w) < ~. Thus 

i 

p(6-\w),e-\w'))< [ \\ u (t)\dt<mzx\\ u (t)\ = Qp(u,u') a p(v,w), 



and p(w,w') < Qp(u,u') a p(v,w). 

4 th Step. By the inequality d^ip^q) < Cp(p, we obtain the esti- 



mate of if') 



C(^,^) = 0[pK^') q p(^^)] 17 



in some compact neighborhood of (7. The same estimate is true for d^(w, w'). 
The theorem follows. □ 

Remark 2.3.11. If the derivatives of Xj, i = 1, . . ., N, are locally Holder 
with respect to d, then we have d(u,u') a instead of p(u,u') a in (12.3.31) (the 
proof is similar, see Remarks 12 . 1 . 1 71 and 12 . 3 . 7p . 
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2.4 Comparison of Local Geometries of Tangent Cones 

Consider points 

N N 

w £ = exp(j2wi£ degXl X?yv) and w' £ = exp^ Wi e desXi Xf ) (v). 

i=l i=l 

Theorem 2.4.1. Suppose that d^u, u') = Ce and doo(u,v) = Ce for some 
C, C < oo. Then, for a > 0, we have 

mBx{dl > (w E ,wi),di(w £ ,w , e )} = e[e(C,e)]p(u,u , )^. (2.4.1) 

In the case ofa — 0, we have 

max{^(w e , d£(iu e , w' £ )} 

= e[Q(C,C)] max{uj s (p(u,u')),iu A u oAu > (p(u,u'))}%, 

where A"_i is defined below in ( 12. 4.4ft and ( 12.4.51) . [Here O is uniform in 
u,u' ,v G £7 C M ; and m belonging to some compact neighborhood of 

(see Notation \KEE) -) 

Remark 2.4.2. If the derivatives of X i7 i = 1, . . . , N, are locally ct-Holder 
with respect to c) (instead of p), then we have v!)m instead of p(u,u')m 
in ( 12.4.11) (the proof is similar, see Remark 12.3. 111) . 

Proof of Theorem \2.4-l\ 1 st Step. Let w — W\ and w' = w[ as it was earlier. 
In the frame {Xf}f =1 we have 



N 

u;' = exp 

i=l 

Consider the point 



2V 

i=i 



Note that c<Ji = «/. In view of the generalized triangle inequality, d^ (w e , w' £ ) < 
c(d^ (u; e , to E ) + d^(uj e ,w' e )). By the above estimate 

d u 00 (u £ ,w £ )=ed u 00 (w,w')=eQ(p(u,uTd u 00 (v,w))^. (2.4.2) 
Note that, if a = 0, then we obtain here Us,(p(u,u')). 
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Now we estimate the distance d^ c (u £ ,w' £ ). Represent w £ in the frame 

N 

w' £ = exp(X>i(^ degXi ^)(^ (2-4.3) 

i=l 

and consider the point 

N 

i=i 

Here the coefficients a^e), i = 1, . . . , N, depend on u and {wi}f =1 . 

2 nd Step. Next, we show that the coefficients «j(e), i = 1, . . .,N, are 
uniformly bounded for all e > uniformly on u and {wi}f =l . By another 
words, there exists S < oo such that d^iv.w^) < Se for all e > small 
enough and all u and Indeed, by the generalized triangle inequality 

for Carnot groups, we have 

d u 00 (v,w' £ )<c(d u 00 (u,v) + d u 00 (u,w' £ )). 

Next, d^u, w' £ ) = rfoo(u,^). Since dooiu.v) = Ce, it is enough to show 
that daoiu.w^) < Ke. To do this, we estimate the value d^iu' , w' £ ) . Since 
doo(u',w £ ) = d^iu' , w' £ ) , then in view of the generalized triangle inequality 
for Carnot groups, we have 

di(u',w' £ )<c(di( U \v)+di(v,w' £ )). 

The conditions doo(u,u') = Ce, doo(u,v) = Ce and Theorem 12.2.131 imply 

d^u'jv) = c/oofV, t>) < Lmax{C, C}e. 
Applying Theorem 12.2.131 again, we infer 

dooK^) < Ke. 
From here and from the fact that doo(u, v) = Ce, we have 

for all e > small enough and all u and {wi\f =l belonging to some compact 
neighborhoods. 

From here, we have that all a^e), i = 1, . . . , N, are bounded uniformly 
in e > 0. 



40 



1=1 



3 rd Step. Note that d^(u £ ,w' £ ) = ed^(u',w'). Consider the mapping 

N 

A £ yx) = exp(j2^ x >X?)(v). (2.4.4) 

More exactly, 

MBih {x 1 , . . . ,Xn} by such a way that x = exp x iX[j (v) 

i=l 
N 



A' 



i=l 



Show that the coordinate functions are //"-continuous in u G M uniformly 
on s > 0. 

1. The case of a > 0. Indeed, the mapping 



N 

9 %u {x u ...,x N )= exp x i^l 

i=l 



where (xi, . . . ,Xjf) G Box(0,Te), is //"-continuous in u G M as a solu- 
tion to an equation with //"-continuous right-hand part (see Section EJ), and 
its Holder constant does not depend on v belonging to some compact set. 
This mapping is also quasi-isometric on (xie~ deeXl , . . . , XAr£~ dcgXjv ) G M. N 
with respect to the Riemannian metric. Consider now the inverse mapping, 
which assigns to a given point x G M, sc) < Te, the "coordinates" 

xi(u, x)e~ dcgXl , . . . , xn(u, x)e~ degXN such that 

JV 



x = exp Xj(u, x)Xjj (v) . 

i=l 



Note that the quasi-isometric coefficients of the mapping 9 VjU are inde- 
pendent from (x±, . . . , xn), u and v belonging to some compact set (here we 
suppose that d^y^x) < Te). Show that the functions x\{u, x)e~ degXl , . . . , 
xn(u, x)e~ degXN are //"-continuous in u G U for a fixed x G M, and their 
Holder constants are bounded locally uniformly in x, v and in e > 0. (Here, to 
guarantee the uniform boundedness of Xi(u, x)e~ degXl , . . . , xn(u, x)e~ degXN , 
we assume that 

• both values doo(u,v) and G^(t>,x) are comparable to e 

• the point u can be changed only by a point u', such that the distance 
doo(u,u') is also comparable to e (see 2 nd step).) 
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The latter statement follows from the fact, that 9 UjV (xi, . . . , x^) is locally 
Holder in u, and its Holder constant is independent of v belonging to some 
compact set, and of (xi, . . . ,xn) belonging to some compact neighborhood 
U(0) of zero. Since we prove a local property of a mapping then we may as- 
sume that it, u', x and v meet our above condition on rfoo-distances and they 
belong to some compact neighborhood U such that the mapping Q uv is bi- 
Lipschitz on (xiE~ degXl , . . . , XNE~ degXN ) if u G U; moreover, its bi-Lipschitz 
coefficients are independent of u, (xie~ AcgXl , . . . , XN£~ degXN ) and v belong- 
ing to some compact set. Indeed, consider the mapping 9 v (u,xx, . . . , xn) = 
O u ,v(xi, . . . ,xn) and suppose that for any L > there exist e > 0, points 
v,x G U, a level set 9~ x (x), and points (it, Xi(u), . . . , xn(u)) and (u',Xi(u'), 
. . . , x j\f (it') ) on it such that 



,xi(u e 



-degXi 



,x N [u)e 



- deg X N ^ 



- (xi(i/')£" dogXl , • • • , x N (u')e- dcgXN ) 



> L\u — u 



(2.4.6) 



for some it and u' . The assumption (12.4.61) leads to the following contradic- 
tion: 







9 v (u, xi(M)e- dcgXl , . . . ,x N (u)e- degXN ) 



9 v (u', xi{u')e 



- dcg Xi 



> 



9 v {u,x x {u)e~ degXl 
-9 v (u,xi(u')£- degXl , 
- 9 v (u,x 1 (u')e- degXl 
-9 v (u',x 1 {u')e- desX K, 



, Xn(U )£ 



, . . . ,x N {u)e 



,x N (u )e 



>C X 



xi{u)e 



- dcg Xi 



- deg Xi 



-deg X N ^ 



- deg Xjv 1 



- deg Xjv x 



,...,x N (u')e- dcgXN ) 



,x N (u')e-** x »] 



, Xn(U)6 



- deg Xjv \ 



,'\ r -degX N ^ 



— [Xi{u )e b , . . . , x N {u )e 

- C u \u - u'\ a > (LC X - C u )\u - u'\ a > (2.4.7) 



if L> 



Note that J = A^_ Kv (A^ v (w')), and w' = A^U^A^w')). Here, for the 
point w' £ = A^ v (w'), we have Xi(u, w' e ) = a^e) ■ e dcgXi on the one hand, and 
we have Xi(u', w' £ ) = W{ ■ e degXi on the other hand, i = 1, . . . , N. Since the 
points it, it', v and w' £ meet our assumption on points, we have that the Holder 
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constants of Xi(u,x)e AegXi are bounded uniformly in {wj}^ =1 belonging to 
some neighborhood of zero. Hence, p(u',w') = Qp(u,u') a , and 

d u 00 (uj',w') = Qp(u,u')fr. (2.4.8) 

2. The case of a = is proved similarly to the previous case. We 
prove that the functions Xi(u, x)e~ desXl , . . . ,XN(u,x)e~ degXN are uniformly 
continuous in u G U for a fixed x G M, and this continuity is uniform in x, v 
and e > 0. The points under consideration meet the above condition. 

To prove our result, we assume the contrary that there exists o > such 
that for any 5 > there exist e > 0, points v,x G U, a level set 9~ 1 (x), 
and points (u, Xi(u), . . . , Xn(u)) and (V, x\ («'),..., Xn(u')) on it such that 
| it — w'| < 5, and in the right-hand part of (12. 4.6ft instead of L\u — u'\ a , we 
obtain a. 

Repeating further the scheme of the proof almost verbatim and replacing 
(LC X — C u )\u — u'\ a by aC x — Ug v (u) in the right-hand part of (12.4. 7p . we 
deduce 

p(uj', w') = uj A u oA u> (p(u,u')). (2.4.9) 

We may assume without loss of generality, that u A u i oA „' does not depend 

on x and v (see (12X61) and (pXTft ). 

4™ Step. Taking (T2A2D . (EMD and (12X91) into account we obtain 

(&(w e ,w' e )=e[e(C,C)]p(u,u')% 

for a > 0. Similarly, we obtain the theorem for a = 0. The theorem 
follows. □ 

Corollary 2.4.3. 1. Note that doo(u,u') = Ce implies p(u,u') < Ce. Then, 
for a > 0, we have 

d^{w e ,w' e ) = 0{e 1+ ^) as e -> 

where O is uniform in u,u f ,v G U C M, and in {wi}f =l belonging to some 
compact neighborhood ofO, and depends on C andC. 
2. Ifa = then 

d^,(tu e ,tUg) = o(e) as e 

where o is uniform in u,u',v G U C M ; anc? m {uii}f =1 belonging to some 
compact neighborhood ofO, and depends on C andC. 
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Remark 2.4.4. The estimate 0(e 1+ ^i) is also true for the case of vector fields 
Xi, i = 1, . . . , N, which are Holder with respect to such d that d^iu, u') = Ce 
implies d(u,u') = Ke, where K is bounded for u, v! G U. 

A particular case is D = d^, where d^z, u) < Qe (see Local Approxima- 
tion Theorem 12.5.41 case a = 0, below). 

Remark 2.4.5. The estimate 0(e 1+ ~^) is also true for the case of vector fields 
Xi, i = 1, . . . , N, which are Holder with respect to such that d^iu, u') = Ce 
implies D(u, u') = Ke, where K is bounded for u, u' 6 U. 

A particular case is d = d^, where c? 00 (2;,m) < Qe (see Local Approxima- 
tion Theorem 12.5.41 case a = 0, below). 



2.5 The Approximation Theorems 

In this subsection, we prove two Approximation Theorems. Their proofs 
use the following geometric property. 

Proposition 2.5.1. For a neighborhood U, there exist positive constants 
C > and ro > depending on U, M, and N, such that for any points u 
and v from a neighborhood U the following inclusion is valid: 

|J Box u (a;,0 C Box u (v,r + C£), < f, r < r . 

igBox"(t),r) 

^\ /N ^ x 

Proof. Let x = exp ( XjX" ) (v), d^v, x) < r, and z = exp ( z %Xf ) (x), 

d^jyx, z) < £. We estimate the distance d^v, z) applying ( 12. 1.4ft to points x 

( N ~ \ 
and z. Let z = exp ( Ci-^T ) ( v )- 

Case of deg X { = 1. Then |0| < + N < (r + £) de § x *. 
Case of deg X { = 2. Then 

101 < \Xi\ + + Yl \ F Le 3 ( U )\\ X l Z i ~ Z l X j\ 
\ei+ej\ h =2, 
Kj 

Ci(u) (Ciiu) n 2 



9 ^9 / n 9 Cjl^l ^ I 'CAU) ^ 

< r 2 + ( 2 + c(u)r( <r 2 + 2r-^-( + 

-(r + 2^)***-(r + Ci(«)e)*.« 

Here we assume that Ciiu) > 1. 
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Case of degXj = k > 2. Then we obtain analogously to the previous 

case 

|C;|<N + M+ E \F^(u)\x»-zP 

\ t i+P\ h =k, f M>0,l3>0 

<r k + £ k + df(u)r Mh Z Wh < (r + Ci(u)^) desX \ 

\fJ,+/3\ k =k 

Here we assume that Ci(u),Ci(u) > 1. Denote by C(u) = max Ci(u). From 

i 

above estimates we obtain 

d^(v,x) = max{|0| degXl } < max{(r + a(«)0^} < r + C(u)£. 

i i 

Since all the Cj(w)'s are continuous on u then we may choose C < oo such 
that C(u) < C for all u belonging to a compact neighborhood. The lemma 
follows. □ 

Theorem 2.5.2 (Approximation Theorem). Let u,u',v,w G U. Then the 
following estimate is valid: 

|CK w) - dt(v, w) I = Q[p(u, uTp(v, w)]*. (2.5.1) 

( N ~ \ ( N ^ A 

Proof. Let p = exp ( PiXf ) ( v ) an d p' = exp ( p%Xf' ) (v). Notice that if 

H=l ' H=l ' 

z G Box a {v,d u co {v,w))%h.enz' G Box"'(t>, d^(v, w)) and z G Box"V, R(u, u% 
where 

R{u,u')= sup d^(p,p'). 

p'eBox"' (v,d^ (v,w)) 

Using Proposition 12. 5.11 we have that 

Bax tt (v,d£,(u,w)) C [J Box"' (x, R(u,u')) 

C BcK u '(v,d^(v,w) 
for some C > 0. Consequently, in view of Theorem 12.3.91 we can write 

Box u (v, d^v^w)) C Box"' \v,d u 00 (v,w) + CR(u,u')) C 

Box M >, t£>, w) + 0[pK «') a p(v, 

If ^(u, w) < @[p(u, u') a p(v, w)]~& then the theorem follows: 

\dl(v,w) -dt{v,w)\ < d u 00 (v,w) + d u J (v,w) = e[p(u,uTp(v,w)}^. 
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If d%o(Vi w) > Q[p(u,u') a p(v,w)]M then applying again Proposition 12.5.11 
we obtain 

Box u >, d^v, w) - e\p(u, u') a p(v, w)]^)c Box>, d^v, w)). 
From the latter relation it follows that 

w) - Q[p(u, uTp(v, w)}^t < dt{v, w) 

<d u 00 (v,w) + <d[p(u,uTp(v,w)}^, 

and the theorem follows. □ 

Remark 2.5.3. If the derivatives of X iy i = 1,...,N, are locally Holder 
with respect to d, then we have D(u,u') a instead of p(u,u') a in (12.5.11) (the 
proof is similar). 

Approximation Theorem and local estimates (see Theorem 12.4. ip imply 
Local Approximation Theorem. 

Theorem 2.5.4 (Local Approximation Theorem). Assume that ^(-u, -u') = 
Ce, doo^u, v) = Ce and d^^u, w) = Ce for some C, C, C < oo. 

1. Ifa>0, then 

w) - dt(v, w)\ = eQ[p(u, uO]*e(d^(t;, w) + o(l)). (2.5.2) 
Moreover, if u' = v and a > 0, then 

\d^{v,w) - doo(«,«j)| = eQ\p{ Ui v)]^e{d^{v,w) + o(l)). 

2. Ifa — O, then 

\d^o{v,w)-d^(v,w)\ =eo(l) = o(e) 

where o is uniform in u,u',v,w G U C M. Moreover, if u' = v and a = 0, 
then 

\d%a( v i w ) ~ d oo(v,w)\ = o(e) 
where o is uniform in u,v,w G U C M. 

Proof follows the scheme as the proof of Approximation Theorem 12.5.21 with 
R(u,u') = e[G(C, C, C)]p(u, u')m . The latter equality is valid by the unifor- 
mity assertion of Theorem 12.4. 11 

Remark 2.5.5. If the derivatives of Xi, i = 1,...,N, are locally Holder 
with respect to d, then we have D(u, u')m instead of p(u,u')m in (12.5.21) (the 
proof is similar). 
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2.6 Comparison of Local Geometries of Two Local Carnot 
Groups 

Proof of Theorem \2.3.1[ 1 st Step. Consider the case of a > 0. The case of 
Q = 1 is proved in Theorem 12.4. 11 

2 nd Step. Consider the case of Q = 2. First, for the points W2 = w\ and 
w 2 = w\ , we have 

N 

w 2 = exp(j2u i)2 xfj(w ) (2.6.1) 

i=l 

and 

v 

^ = exp(5> l / >2 Xr')(<). (2.6.2) 

i=l 

By the formulas of group operation, c<jj i2 differs from c<j- 2 in the values of 
W % Assumption [2X1 = + 6p( M , M ') a . 

Consider the auxiliary points 

v v 
< = exp(j2^Xf)(w ) and < = exp a; ij2 £ de ^^«') (iu ) 

i=l i=l 

and estimate the value g^(w 2 > w' 2 ). For doing this, we use the group operation 
in the local Carnot group Q u M and Approximation Theorem I2.5.2L Note 
that, \<jJi.2 — to' i2 \ = Qp(u,u') a . Next, note that while applying the group 
operation, all summands look like u it2 — u' i2 or cj i)2 — uj' i2 + @( w fc,2^j,2 ~~ 
uij^ 2 ui' k2 ). By (I2.1.4p . we deduce 

= 0J k ^{0Jj,2 + Qp(u, U') a ) - ^j,2{0Jk,2 + Qp(u, U') a ) = Qp(u, u'T, 

d^(w' 2 ', w' 2 ) = e{p{u, u')fr). Here 6 depends on C, C, Q = 2 and {^(u')}j>,/J- 
It follows from the formulas of group operation in Q u Wl and Q u 'Wl, that 

N 

i=i 

and 

i=l 
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By Theorem 12.4.14 we have d^iw'^, u>§) = eQp(u, u') m . By the homogeneity 
of the distance d^ we have 

= = eep(«,tO*, 

and from the generalized triangle inequality we deduce 

dSo«t^ / )=eep(ti,«0*. 
In view of Local Approximation Theorem 12.5.41 we derive 

3 rd Step. In the case of Q — 3, it is easy to see from the previous case 
and the group operation, that if 

N 

w 3 = exp Ui,*xf\ (w ) 

i=l 

and 

JV 
i=l 

then again — u' i3 \ = <c>p(u,u') a . Here depends on C, C, Q = 3 and 
{F lp}j,n,/3- (It suffices to apply the group operation in local Carnot groups 
Q U W1 and (? U 'M to expressions (12.6. ip and (I2.6.2p and to points w 3 and w' Sl 
respectively.) From now on, for obtaining estimate (12.3. ip at Q = 3, we 
repeat the arguments of the 2 nd Step. 

4 th Step. It is easy to see analogously to the 3 rd Step, that the group 
operation and the induction hypothesis jc^u-i — | = Gp{u,u') a , 3 < 
/ < Q, imply — uj' u \ = Qp(u,u') a . Indeed, it suffices to put uj^i and uj' il 
instead of 00^3 and u^ 3 , and Uij-i and w'u_i instead of u iy 2 and u' i 2 in the 3 rd 
Step, and apply arguments from the 2 nd Step. 

The case of a = can be proved by applying the similar arguments. 

The theorem follows. □ 

2.7 Comparison of Local Geometries of a Carnot Man- 
ifold and a Local Carnot Group 

In this subsection, we compare the local geometry of a Carnot manifold 
with the one of a local Carnot group. 
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Theorem 2.7.1. FixQ G N. Consider points w , u such that d oo(u, w ) = Ce 
for some C < oo, and 

N N 

w) = exp(X>^ des ^)(^-i), ™; = exp^^e^X,)^), 

i=l ' i=l 

Wq = Wq = Wo = Wo, j = 1, . . . , Q. {Here Q <G N is such that all these points 
belong to a neighborhood (JcM small enough for all e > 0.) Then for a > 

Q 

fc=i 

In the case of a = we /jcroe 

{C(^q,^q)^oc(^,^)} = e ■ Q(C,Q, {^W)[o;(e)]^ 

where 00(e) — ■> as e — > 0. i/ere are bounded, and zs uniformly 

bounded for u,Wo E U and {wij}, i = 1, . . . , N , j = 1, . . . ,Q, belonging to 
some compact neighborhood ofO, and it depends on Q and {F^ pij^p- 

Proof. For simplifying the notation we denote the points w\ by wii, and we 
denote w} by Wi for e = 1. First, consider the points wq and wq. Now we 
construct a following sequence of points. 
Let 

N 

u k j = exp (y~] WjjXV"'') (ukj-i), 
i=i 

k = Q,...,Q-l, j = 1, . . . , Q - k, uj k:0 = w k . 

Hence, wq-i,i = wq and 

Q-i 

d^{wq,w' Q ) =o(d% (w Q ,uJo,Q) +J^d^(a; fcj Q_ jfc ,a; fe _i i Q_ fe+ i)^. 

k=l 

If a > then, by Theorem 12.3. l\ 

d ^o(w Q ,uo,Q) = @(C,Q,{F 3 aJ3 } jia ^)p{u,wo)^, 
and each of the summands 

d^(uj k:Q _ k , Wfc_i,Q_jfc + i) = 6(C, Q - fc, {^ i/3 }i,Q,/3)p(w fc , Wfc-i)^- 
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By the same theorem, if we replace w^j by Wi j£ g 1 then it is easy to see 
using induction by k that firstly d^ >0 (w £ k) = 0(e), secondly d^u, w £ k ) ~ 

e and d'£ (u,L} £ kt Q_ k ) ~ £ for all A;, and thirdly 

and 

<%o(t4,Q-k,Vk-i,Q-k+i) = e®{c,Q- k, 

Thus we obtain t&(u^, w£) = E fc, {^}j,a,^) • . 

fc=i 

Since d^Wq^q) = 0(e) and d^u^Wq) = 0(e) then, by Local Approx- 
imation Theorem I2.5.4[ we have 

Q 

w Q ) = ©(c, fc, {/•;!.,},.».<) ■ • 

fc=i 

If a = 0, then we repeat the above arguments replacing p(-, -)m by o(l). 
The theorem follows. □ 

Remark 2.7.2. If the derivatives of Xj, i = 1,...,N, are locally Holder 
with respect to D, such that d^x^y) < e implies d(x,y) < Ke, where K 
is bounded on U, then the same estimate as in (I2.7.ip is true (the proof is 
similar). 

A particular case of such 5 is d^, dao(u, z) < Qe (see Local Approximation 
Theorem 12.5.41) . 

2.8 Applications 

2.8.1 Rashevskii— Chow Theorem 

Definition 2.8.1. An absolutely continuous curve 7 : [0,a] — > M is said to 
be horizontal if ^(t) 6 H^M. for almost all t e [0, a]. Its length equals 

a 

J |7(t)| dt, where the value \ j(t)\ is calculated using the Riemann tensor on 


M. Analogously, the canonical Riemann tensor on Q U M. defines a length I of 
an absolutely continuous curve 7 : [0, a] — > Q U ~M. 

Definition 2.8.2. The Carnot-Caratheodory distance between points x, y G 

M is defined as d c (x,y) = inf £(7) where the infimum is taken over all hori- 

7 

zontal curves with endpoints x and 
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Corollary 2.8.3 (of Theorem 12.7. Tj) . Suppose that Assumption \2.1.J\ holds 



for a G (0,1]. Let g G M. Let also e be small enough, and u,v,w G 
Box(g,e). The points v,w G Box(g,e) can be joined in the local Carnot 
group (G U ~M, d±) D Box(g, e) by a horizontal curve 7 composed by at most 
L segments of integral curves of horizontal fields X™, i = 1, . . . , dim Hi. To 
the curve 7 it corresponds a curve 7, horizontal with respect to the initial 
horizontal distribution HM., constituted by at most L segments of integral 
curves of the given horizontal fields Xi, i — 1, . . . , n. Moreover, 

1. the curve 7 has endpoints v, w G Box(g,0(e)); 

2. |Z( 7 ) -%)| = 0(7(7)); 

3. max{d^(w,w), doc(w,w)} < Ce 1+ ~^ where C is independent of g,u,v,w 
in some compact set. 

Proof. The desired curve comes from those on any Carnot group given 
a Carnot group G with the vector fields Xi, . . . ,X N , each point x can be 
joint with by a horizontal curve 7 constituted by at most L segments jj, 
j = 1, . . . , Lj of integral curves of the given basic horizontal vector fields 
Xi,X 2} . . . , X dimHl} i. e., 



7l (t) =aiX il ( 7l (t)) 
7i(0) = 0, 



7j0) = a^^t)) 
7i(0)= 7 ;-i(l), 

j = 2, . . . , L, and from here we have x = 7l (1). By another words, 

x = exp(ai,Xj L ) o • • • o exp(aiXj 1 ), ij = 1, . . . , dimi^i, 

where |a 3 -| is controlled by the distance d c (0, x), j — 1, . . . , L, and L is inde- 
pendent of x. 

Now we carry over a construction described above to the local Carnot 
group (G U M., d") D Box((?, e): the given points w, v G can be joint by a 
horizontal curve 7 : 

w = exp(aLX iL ) o • • • o exp(aiXj 1 )(t>), = 1, . . . , dimifi, (2.8.1) 

j = 1, . . . , L. Then the curve 7 defined as 

w — exp(ai,Xj i ) o • ■ • o exp(aiX il )(v), ij = 1, . . . , dimifi, (2.8.2) 
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is horizontal and its length equals £(t)(1 + o(l)). The estimate 

max{c?^ (w;,w / ),(i 00 (w,w / )} < Ce 1+ ^" 
follows immediately from (12.7.11) . □ 



Theorem 2.8.4. Suppose that Assumption \2. 1 -4\ holds for some a G (0, 1] 



Let jgM. Given two points w,v G B(g,e) where e is small enough, there 
exist a curve 7, horizontal with respect to the initial horizontal distribution 
HM., with endpoints w and v, and a horizontal curve 7 in the local Carnot 
group (Q 9 Wl, d\) with the same endpoints, such that 

1. is equivalent to d^w^v); 

2. m -?m = offm-, 

3. if v = g then the length is equivalent to d^g^w). 

All these estimates are uniform in w, v and g of some compact neighborhood 
as e — > 0. 

a a 2 

Proof. We can choose e from the condition of the theorem by requests C 2+ «'£m t < 
1 and e < |, where C is the constant from Corollary I2.8.3L 

Apply Corollary 12.8.31 to the points u = g, v and w. It gives a horizontal 
curve 71 (7) with respect to the initial horizontal distribution H~M (in the 
local Carnot group (Q 9 M, df}) with endpoints v and w\ (v and w) constituted 
by at most L segments of integral curves of given horizontal fields Xi (Xf), 
i = l,...,n. The curves 7 and 71 have lengths comparable with df(v,w), 
and max{<ig (w 1 , w), d^wi, w)} < Ce 1+ m. 

Next, we apply again Corollary 12.8.31 to the points u — v — W\ and 
w. It gives a horizontal curve 72 with respect to H~M with endpoints Wi 
and W2- Its length is 0(e 1+ ^) where O is uniform in u, w G Box(g,e), and 
d 00 (w 2 ,w) < C(Ce 1+ fr) 1+ fr < e 1+ ^r . 

Assume that we have points Wi,...,Wk and horizontal curves 7^ I — 
2, . . . , k, with respect to HM. with endpoints wi-i and wi, such that 7/ has a 
length 0(e 1+ ~ a ), and d^w^w) < e l+ ^ . 

We continue, by the induction, applying Corollary 12. 8. 3l to the points u = 
v = Wk and w. It results a horizontal curve jk+i with endpoints Wk and Wk+i, 
such that 7 fe+1 has a length 0(e 1+ M") and d^Wk+i, w) < C(Ce 1+ *i ) 1+ m < 



S + M 01 . 



A curve T m = 71U. . .U7 m is horizontal, has endpoints v and w m , its length 



00 



does not exceed £(71) + C e 1+ m < l{pf\) + Ce 1+ m and doo(w m , w) — > as 



52 



m — > oo. Therefore the sequence T m converges to a horizontal curve 7 as 
m —>■ 00 with properties 1-2 mentioned in the theorem. 

Under v = g we can take doo(g,w) as £ in above estimates: it gives an 
evaluation £(7) < Cd^g, w). The opposite inequality can be verified directly 
by means of the above obtained estimate: indeed, if doo(g,w) = e then 
doo(g,w) = d{(g,w) < Cl(j) < Cl(j) + o(l(j)); it follows that doo(g,w) — 
o(dao(g,w)) < Cl(j) and the estimate dao(g,w) < 6*1/(7) holds with C\ 
independent of g from some compact neighborhood if v is close enough to g. 
Thus we have obtained the property 3. □ 

As an application of Theorem 12.8.41 we obtain a version of Rashevskii- 
Chow type connectivity theorem. 



Theorem 2.8.5. Suppose that Assumption 2.1.4 holds for a G (0, 1]. Every 
two points v, w of a connected Carnot manifold can be joined by a recti- 
fiable absolutely continuous horizontal curve 7 composed by not more than 
countably many segments of integral lines of given horizontal fields. 

2.8.2 Comparison of metrics, and Ball— Box Theorem 



Corollary 2.8.6. Suppose that Assumption 2.1.4 holds for a G (0,1]. In 
some compact neighborhood the distance d c is equivalent to the quasimetric 

dr. 



Proof. An estimate d c (x,y) < Cidoa(x,y) for points x,y from a compact 
part M follows from Theorem 12.8.41 Our next goal is to prove the converse 
estimate. Fix a compact part K C M and assume the contrary: for any 
n G N there exist points x n ,y n G K such that d^x^y^) > nd c (x n ,y n ). 
In this case we have d 00 (x n ,y n ) — ■> as n — > 00 since otherwise we have 
simultaneously d c (x n ,y n ) — ► as n — > 00, and (ioo(^n,yn) > a > for all 
n G N what is impossible. We can assume also that G K as n — > 00 

and x n ^ y n . Setting doo(x n , y n ) = e n we have d^ixn, A Xn _ x y n ) = r , and 

d™(x n , A Xn -iy n ) < r n _1 , where the distance c?" is measured with respect 

to the frame {A^™} with pushed-forward Riemannian tensor. As far as 
the length of vectors A?™, i = 1, . . . , dimif 1; is closed to the lengths of 
corresponding nilpotentized vector fields Aj, i — 1, . . . , dimifi, by Corollary 
12.2.111 the Riemannian distance p(x n , A^.j^) — > as n —> 00. It is in 

a contradiction with doo(x n , A Xn _!?/„) = r for all n G N (see Proposition 
I2.8.12l for a comparison of metrics). □ 
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Remark 2.8.7. Note that, for obtaining the estimate d^x, y) < C 2 d c (x, y), 
the value a need not to be strictly greater than zero. Thus, the estimate 
doo(x,y) < Cid c {x,y) is valid also for a = 0. 

Another corollary is so called ball-box theorem proved for smooth vector 
fields in [TTUII58]. 



Theorem 2.8.8 (Ball-Box Theorem). Suppose that Assumption 2.1.4 holds 
for a G (0, 1]. The shape of a small ball B(x,r) in the metric d c looks like a 
box: given compact set K C M there are constants < C\ < Ci < oo and r 
independent from x G K such that 

Box(x, C x r) C B(x, r) C Box(x, C 2 r) (2.8.3) 

for all r G (0, r ). 

Theorem 12.8.81 implies 
Corollary 2.8.9. Suppose that Assumption [ITO holds for a G (0,1]. The 



Hausdorff dimension of M equals 

M 

2_, i(dim Hi — dim -£^_i) 



M 

V 

i=l 



where dim if = 0. 

This Corollary extends Mitchell Theorem |102j to Carnot-Caratheodory 
spaces with minimal smoothness of vector fields. 

Remark 2.8.10. Let Assumption 12 . 1 . 41 holds for a G (0, 1]. Applying Corol- 
lary [2IHIH1 we obtain 

1. the generalization of Theorem 12.3.91 for points w and w' close enough: 
max{d"(w, w'), d c (w, w')} = Q[p{u, v )p(v , w)} m < <d[d c (u, v )d c (v , w)]™; 

2. the generalization of Theorem 12.4.11 

max{d™(w £ ,w f £ ),d c (w £ ,w' £ )} = e[G(C,C)]p(u,v)%(<%(y,w) + o(i)y, 

3. the generalization of Theorem 12.7.11 

Q 

max{d%(w £ Q ,w £ Q ),d c {w s Q ,w £ Q )} = ^Q{C,k,{Fl p } h ^) ■ e 1+ fi . 

k=l 
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Corollary 12.8.61 and Theorem 11.11 [70] imply the following statement 
containing a result of [66J where only the first assertion is obtained under 
assumption of higher smoothness of vector fields. 

Proposition 2.8.11. Let X and Y be two families of vector fields on M 
with the same horizontal distribution HM. for both of which Assumption\2. 1 .J 



holds with some a G (0, 1]. Then in some compact neighborhood the following 
assertions are equivalent: 

1) There exists a constant C > 1 such that C~ l d£ Q < d^ < Cd^. 

2) There exists a constant C > 1 such that C~ l \XnLp\ < |Y#<^| < C\Xh<p\ 
for all ip G C°°(M). 

Here d^ and d^ are quasimetrics constructed with respect to the bases 
X and Y, and X H ip and Y H ip are subgradients of <p. 

Define the Riemannian quasimetric d riem (u, v) between a point u and 
f N \ 

a point v = exp ( XiX-i ) {u) as d Tiem (u, v ) = max{|xj| | i = 1,...,N}. 

The well-known facts of differential geometry imply that the metric <i r iem is 
equivalent to the Riemannian metric p on every compactly embedded domain 
U d M, i.e., there exists a constant c independent of the choice of the points 
u, v e U and such that c _1 p(w, v) < d riem (u, v) < cp(u, v) for all u,v G U for 
which the quantities under consideration are defined. Hence, we have 

Proposition 2.8.12. The relations 

c~ l p(u,v) < d liem (u,v) < cdoofav) < cd vicm (u,v)^ 
hold for all x,y G U . 

Remark 2.8.13. If the derivatives of Xi, i = 1,...,N, are locally Holder 
with respect to d, where meets conditions of Remark 12.7.21 the statements 
of Corollary 12X31 Theorem I2XH Theorem [2T831 Corollary 12X61 Theo- 
rem 12.8.81 Corollary 12.8.91 Remark 12.8.101 and Proposition 12.8.111 are also 
true. 



3 Differentiability on a Carnot Manifold 

3.1 Primitive calculus 

Further, we extend the dilations Sf to negative t by setting 8fx = S^x' 1 ) 
for t < 0. The convenience of this definition is seen from the comparison of 
different kinds of differentiability. 
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3.1.1 Definition 



Let M, N be two Carnot manifolds. We denote the vector fields on N 
by Y{. We label the remaining objects on N (the distance, the tangent cone 
etc.) with the same symbols as on M but with a tilde ~ excluding the cases 
where the objects under consideration are obvious: for example, for a given 
mapping / : E — > N, it is clear that Q 9 Wl is the tangent cone at a point 
g E M and Qf^N is the tangent cone at the point f(g) E N; d 9 is the metric 
in the cone G 9 M, dl [a) is the metric in etc. 

Recall that a horizontal homomorphism of Carnot groups is a continuous 
homomorphism L : G — > G of Carnot groups such that 

1) DL(0)(HG) c HG. 

The notion of a horizontal homomorphism L : ((? 9 M, d 9 ) — > (Q q N,d q ), g E 
M, q G N, of local Carnot groups is different from this only in that the 
inclusion L(£ 9 MHexp HG 9 M) C Q q N fl exp HG q N holds only for v G G 9 Mn 
expHgm such that L{v) G G q N. 

Since a homomorphism of Lie groups is continuous, it can be proved that 
a horizontal homomorphism L : G — > G also has the property 

2) L(5 t v) = 5 t L(v) for all v G G and t > (in the case of a horizontal ho- 
momorphism L : (£ 9 M, df) -> (g q N, df) of local Carnot groups, the equality 
L(5 t v) = 5 t L(v) is fulfilled only for v G Q 9 M and t > such that 8 t v G G 9 M 
and 5 t L(v) G ^ 9 N). 

Definition 3.1.1. Given two Carnot manifolds M and N, and a set E C M, 
a mapping / : — >• N is called hc-differentiable at a point g & E if there 
exists a horizontal homomorphism L : [Q 9 Wl, d 9 ) — > (Qf^N, d^) of the 
nilpotent tangent cones such that 

d f c (9) {f{v),L(v)) = o(d 9 {g,v)) asEng 9 M3v^g. (3.1.1) 

A horizontal homomorphism L : [Q 9 M, d 9 ) — > [Q^ 9 ^N,dl^) satisfying 
condition (13.1.11) . is called a he- differential of the mapping / : E — > N at 
g E E on E and is denoted by Df(g). It can be proved [129] that if g is a 
density point then the /ic-differential is unique. 

Moreover, it is easy to verify that the /ic-differential commutes with the 
one-parameter dilation group: 

6 f t i9) oDf(g) = Df(g)o6f. (3.1.2) 

Proposition 3.1.2 Q129J). Definition ^. 1 . 1\ is equivalent to each of the fol- 
lowing assertion: 
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1. d c (Af_? f(5f (v )) , L{v )) = o(l) as t — > 0, where o(-) z's uniform in 
the points v of any compact part of Q 9 M.; 

2. doa(/(«), = o(^(y, u)) as £ n ^ M 
5. (LCf 0), L(v)) = o(doo(p, v)) as £ n £ 9 M 

4- doof^f-i f($t( v ))i L(v)) = o(l) as t — > 0, where o(-) z's uniform in the 
points v of any compact part of Q 9 M.. 

Proof. Consider a point u of a compact part of Q 9 Wl and a sequence £j — ► 
as z — > such that 5f.t> G E for all z G N. From (13.1.11) we have 

dt i9 \f(8 9 .v),L(5 9 ,v)) = o(d 9 (g,5 9 .v)) = o(e»). In view of (13X211 . we in- 
fer 

d M ^f{9) (A fi9 ?f(5 9 £ ,v)), S f £ ^L(v)) = o(e<) uniformly in v. 

From here we obtain item 1. Obviously, the argument is reversible. Item 1 
is equivalent to item 4 since ap(x,y) < doo(x,y) < (3p(x,y)M (ap(x,y) < 
d^x.y) < (3p(x,y)*z) on any compact part of M n Q 9 M (a and (3 depend 
on the choice of the compact part). 

By comparing the metrics of Subsection 12.81 d^ 9 \g,v) = 0(dl (g,v)), 
and by Local Approximation Theorem l2.5.4l we obtain the equivalence of (13.1.11) 
to the item 2. The equivalence of items 2 and 3 is obtained by compar- 
ing the metrics of Subsection 12.81 d 9 (g,v) = Oid^g^v)) and d^g.v) = 
0(d 00 (g,v)) asv-^g. □ 

3.1.2 Chain rule 

In this subsubsection, we prove the chain rule. 

Theorem 3.1.3 (|129|). Suppose that M, N, X are Carnot manifolds, E is a 
set in M, and f : E —>■ N is a mapping from E into N he- differentiate at a 
point g G E. Suppose also that F is a set in N, f(E) C F and (p : F — > X 
is a mapping from F into X hc-differentiable at p = f(g) G N. Then the 
composition <p o / : E — > X is hc-differentiable at g and 

D{ V of)(g) = D V {p)oDf{g). 
Proof. By hypothesis, dl^ g \f(v),Df(g)(v)) = o(d 9 c (g,v)) as v — > g and also 
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as w — > p. We now infer 

dfP\( V of)(v),(D V (p)oDf(g))(v)) 

<d^>M/(iO),lMp)(/(«)»^ 

< o(d>(p, /(«))) +0( ( F e (f(v), Df(g)(v))) 
< o(d 9 c (g,v)) +0(o(d 9 c (g lV ))) = o(d? c (g,v)) as^ ffl 

since 

d p c ( P J(v)) < dl(p,Dj{g){v)) + dP c (f{v),Dj{g){v)) 

= 0(d°(g,v))+o(d 9 c (g,v))=0(d°(g } v)) asv^g. 

(The estimate d p c (p, Df{g){v)) = 0(d 9 c (g,v)) as v — > g follows from the 
continuity of the homomorphism Df(g) and (13. 1.2ft .) □ 

3.2 /ic-Differentiability of Curves on the Carnot Man- 
ifolds 

3.2.1 Coordinate /ic-differentiability criterion 

Recall that a mapping 7 : E — > M, where E C R is an arbitrary set, is 
called a Lipschitz mapping if there exists a constant L such that the inequality 
doodiv), 7( x )) — — x l holds for all x,y <E E. 

Definition 3.2.1. A mapping 7 : — * M, where i? C M is an arbitrary 
set, is called hc-differentiable at a limit point s £ E to E if there exists a 

dim .Hi ^ 

horizontal vector a = ^ c*iX] (7(5)) G H 7 ( 8 \M such that the local ho- 

i=l 

/ dim/fi ^ n 

momorphism r 1— > exp I r £ «iX7 isJ ( 7 (s)) G as the /ic-differential 

of the mapping 7 : E^M: <T c {s) ( 7 (s + r), 5l {s) a) = o(r) for r -> 0, s + r G £. 

✓dim .Hi ^ , \ l_. 

The point exp 

E <*ilQ (7(a)) e £ 7(s) M is called the he- derivative^. 
^ i=i ' 

Some properties of the introduced notion of /ic-differentiability can be 
obtained from Proposition 13.1.21 For instance, the coefficients a.{ are defined 

uniquely: if, in the normal coordinates, 7 (s + r) = expf ^2 7i( r )^7 ) {li s ))i 
s + tg£, for sufficiently small r then Proposition 13. 1 . 21 implies: 



2 If the ft,c-derivative does not exist in Q J ^M. then it belongs in G 7 ( S )M: we consider the 
•'preimage" under Q 1 ( s ) being equal expl a i(^i )')(0) i n au the necessary cases. 
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Property 3.2.2 Q129J). A mapping 7 : [a, b] — > M is /zc-differentiable at a 
point s G (a, b) if and only if one of the following assertions holds: 

(1) 7i (r) = aiT + o(r), i = 1, . . . , dim#i, and 7i (r) = o(r dcgX *), i > 
dim if 1, as r — > 0, s + r G £7; 

dim Hi ^ . . 

(2) the vector £ a^ 7 ^ ( 7 (s)) G if 7( S )M is the Riemannian derivative 

i=i 

of 7 : [a, 6] — > M at a point s G (a, b), and 7 i(r) = o(r dcgXi ), i > dimff!, as 
r -> 0, s + r G -E. 



3.2.2 /ic-Differentiability of absolutely continuous curves 

If a curve 7 : [a, 6] — ► M is absolutely continuous in the Riemannian sense 
then all coordinate functions ji(t) are absolutely continuous on the closed 
interval [a, b] (it is clear that this property is independent of the choice of 
the coordinate system). Therefore the tangent vector 7 (t) is defined almost 
everywhere on [a, b}. If, moreover, 7 (i) G H^mM. at the points t G [a, b] of 
Riemannian differentiability then the curve 7 : [a, 6] — > M is called horizontal. 

It is well known that almost all points t of a closed interval E = [a, b] 
are Lebesgue points of the derivatives of the horizontal components, that 

,N v 

is, if, in the normal coordinates 7 (t + r) = expl ^2 ^j(r)Xj )( 7 (t)) then the 
horizontal components 7j(c), j = 1, . . . , dimff!, have the property 



/ 



- jj(0)\ da = o{P - a) as (3 - a -> (3.2.1) 



on intervals (at, /3) 9 0. Note that property 13.2. II is independent of the choice 
of the coordinate system in a neighborhood of 7 (i). 

Theorem 3.2.3 ([129J). Let a curve 7 : [a, 6] — > M on a Carnot manifold 
be absolutely continuous in the Riemannian sense and horizontal. Then 7 : 
[a, b] — > M is he- differentiate almost everywhere: any point t G [a, 6] which 
is a Lebesgue point of the derivatives of its horizontal components is also a 

N 

point at which 7 is he- differ entiable. If j(t + r) = exp ( ^ lj( T )Xj) ( 7 (i)) 
t/ien he- derivative j(t) equals 

(dim Hi \ ✓dim Hi \ 

£ 7,(0)X; W ( 7 (t))=exp( £ 7,(0)X, )( 7 (t)). 
.7=1 ' ^ .7=1 ' 
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Proof. Fix a Lebesgue point t G (a, 6) of the derivatives of the horizontal 

, N v 

components of the mapping 7 (t + r) = expl jj(r)Xj ) (g), g = 7(^0) • in 

this proof, we also fix a normal coordinate system # 9 at g. To simplify the 
notation, we write the vector fields Xf = (6 , ~ 1 ) ! „Xj and X[ 9 = (9~ l )*Xf de- 
fined in a neighborhood of G without the superscript g: Xi = (6 ) ~ 1 )*Xi 

and X[ = (Og 1 )^? respectively 

For proving the /ic-differentiability of the mapping 7 at t , we need to 
establish the estimate 7j(t) = o(r dcgX] ) as r — > for all j > dimifi, to + r G 
[a, 6] (see Property I3.2.2H . Partition the proof of the desired estimate into 
several steps. 

1 st Step. Here we show that the hypothesis implies the Riemannian 
differentiability of the mapping 7 at t and 7(^0) £ H g M. Put T(t + r) = 
@g 1 (7(^)) = (7i ( r )' ■ ■ ■ )7A r ( r ))- The curve T(r) is absolutely continuous, and 
its tangent vector T(r) is horizontal in a neighborhood of G T g Wl with 
respect to the vector fields {Xi}: T(r) G (^ 1 )*if 7 (t 0+T )M for almost all r. 
From here, for almost all r sufficiently closed to 0, we infer 

N rj dimi/i 

T(r) = E^)^ = E ^Wr(r)). (3.2.2) 
j=i J i=i 

The Riemann tensor pulled back from the manifold M onto a neighbor- 
hood of G TgWl is continuous at the zero. Therefore, using this continuity, 
we see that, for any r, t + r G [a, 6], ( 13.2.11) implies 

d c (l(to),l(to + r)) <cx J \T(a)\ r da 

(0,r) 

dim Hi „ 

<c 2 E / (l7»-7i(0)| + |7i(0)|)^ = O(r) 

j=1 (0,r) 

as r — > 0, where |r(cr)| r stands for the length of the tangent vector in the 
pulled-back Riemannian metric. By Proposition 12.8.61 and Remark 12.8.71 we 
have doo (7(^0), 7(^0 + r )) = 0(<i c (7(to), 7(^0 + r )) as r ^ 0. Therefore the 
coordinate components 7j(t) of the mapping 7 satisfy 

7j .(r) = 0(r dcgX >) as r -> for all j > 1. (3.2.3) 

It follows that the curve T(r) is differentiable at and 

f(0) = (7i(0),...,7dim^(0),0,...,0). 
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Hence, the curve 7 is differentiable in the Riemannian sense at to an d 7(^0) £ 
H g M. From (I5T5]I we also obtain 7 (r) G B(g,0(r)). 

2 nd Step. Corollary and the fact that 7(7-) G B(g,0(r)) imply 

that, in a neighborhood of 0, the vector fields can be expressed via X{, so 
that 

N ( o(T dCgXk - dceX *) if 

Xi(T(r)) = y^a ik (T)X' k (r(r)), where a ifc (r) = <j degX fc > degX;, 



k=l 



8 ik + otherwise 



as r — > 0. Now, using expansion (12. 1.5ft of the vector fields X[ in the standard 
Euclidean basis, for all points r sufficiently close to 0, from (13. 2. 2ft we now 
obtain 

TV rj dim Hi JV dim Hi 

E^( r )^= E Oi(r)X 4 (r(r)) = <r)a ik {r)X' k {Y{r)) 



j=l ^ i = \ k=l i=l 



dx 

N j dim Hi 

dx 



EE E ^(r)^(r)4(r(r))A. (3 . 2 .4) 
j=i fc=i i=i J 



3 rd g TEp For 1 < j < dim^i, we have degX^ = 1. Then from (13~2~3|) 
and ( 12.1.51) we conclude that z J k (r(r)) = 5^ + O(r). Therefore, from ( 13.2.4ft 

dim Hi 

we infer jj(r) = ^ a^r^^tr), where, as before, 5y(r) = + o(l). 

i=l 
dim Hi 

Hence, a;(r) = ^ 7n( r )/3m( r ) ; where {/3„i(r)}, n,i = 1, . . . , dimifi, is 

n=l 

a matrix inverse to {5^(r)}, has the elements (3 n i{r) = 5 n i + o(l). Conse- 
quently, 

dim Hi dim Hi dim Hi 

a i( T ) = E 7n( r )/M r ) = ^ ^n{r)l3ni{r) + 7n(0)/3™(r), 

i=l n=l n=l 



where r n (r) = J (7„(cr) - 7n(0)) tier. (3.2.5) 
'0 

4 th Step. Fix dimi^_i < j < dimif z , 1 < I < M. For estimating jj(r), 
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from (13.2.41) we have 

dim Hi 

7j( r ) = E in{r)l3 ni (r)a ik (T)z J k (Y(T)) 

k,i,n=l 

j dim Hi 

+ E E Ur)/3ni(r)a ik (r)zi(T(r)) ^Ij + IIj. (3.2.6) 

fc=dimiTi+l i,n=l 

Since in this case a ik (r) = oCr** and z{{T(t)) = 0(r dcgX ^ dcgXfc ) 

by (13.2.31) then all components in the double sum in (13.2.61) have a factor 
o(r i_1 ). Therefore 

dim Hi 

lh = E 7n(r)o(r'- 1 ). (3.2.7) 

n=l 

From another side 

dim Hi dim Hi 

h = E 7n(r)4(r(r)) + E 7n(r) (l)4(r(r)) 

n=l fe,n=l 
dim dim Hi dim //i 

= E 7n(0)4(r(r)) + E ^(r)4(r(r)) + E 7»(r)o(l)^(T(r)) 

n=l n=l k,n=l 

dim _f/i 

= E Tn(0) E n e „(^)r(r) a 

n=l |Q+e n | h =degXj,Q>0 

dim //i dim //i 

+ £ r n (r)0(T 1 - 1 ) + £ ^Wo^ 1 ). (3.2.8) 

n=l n=l 

In the estimation of the increment of jj(r) on [0, r] by the Newton-Leibnitz 
formula, the components of (13.2.71) and the last two summands in (I3.2.8P have 
order o(r'). Indeed, for all 1 < i < dimi^ and s > 0, from (13.2.11) and (13.2. 5p 

wehave|7„(r)| < | 7 n(0)| + |r,(r)| from (JSZSD, \n(r)\ < j \%(a) - 7i (0)| da = 

o 

o(r) and 



h{(y)0{a s )d(T 



<\0{r s )\ I Ma)- 7,(0)| da = o{r s+1 ). 



5 th Step. In the remaining double sum in (13.2.81) . the summands with 
index a for which \a + e n \ < degXj contain the factor T(r) a = o{r l ~ l ), 
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since, in this case, the product r(r) Q necessarily contains the factor 7j(t) = 
7j(0)r + o(r) = o(r), j > dim Hi . Therefore, expression (I3.2.8P for 7/(t) is 
reduced to the following: 

dim Hi 

7;(r)=^7*(0) £ ^^rW^^- 1 ). (3.2.9) 

«=1 |a+e n | h =degX i , 
a+e n |=degX; 

Since also T(r) = r(0)r+o(r), we see that each summand in (I3.2.9P is equal to 
iMK,eM T ( T T = ^" 1 7 J (0)^, en (^)r(0) Q + o(r'- 1 ). Consequently, leaving 
only the summands of order r l ~ l in (I3.2.9p . we have 

dim H\ 

7,(r)=^r^ Yl ^) F ie n (9)m a + o(t 1 ~ 1 ). (3.2.10) 

i=l |a|=|Q!| fe =/-l 

Similarly, the second summand in the estimation of the increment 7j(r) is 
equal to o(r'). Consequently, for the validity of the theorem, it is necessary 
and sufficient that the double sum in (13.2.101) be zero. This was established 
in Lemma [2.1.211 

Thus, we have proved that 7j(t) = o(r dcgXj ) for all j > dim Since 
the horizontal components of 7 are differentiable at to, by Property 3.1, the 
estimate r fj{r) = o(r dcgX: >) for all j > dim Hi yields the /ic-differentiability 
of 7 at to- n 

The method of proving Theorem 13.2.31 is applicable to a wider class of 
mappings and makes it possible to make additional conclusions about the 
nature of /ic-differentiability. 

Corollary 3.2.4. Suppose that a curve 7 : [a, b] — > M on a Carnot manifold 
is Lipschitz with respect to the Riemannian metric and horizontal, i.e., 7(5) G 
H 7 ( S )M for almost every s G [a, b] . Then the curve 7 : [a, b] — > M is hc- 
differentiable almost everywherqj. 

Proof. Every Lipschitz curve with respect to the Riemannian metric is also 
absolutely continuous in the Riemannian sense. Thus all conditions of The- 
orem hold. □ 

Corollary 3.2.5. Suppose that we have a family of curves 7 : [a, b] x F — > 

M on a Carnot manifold M that is bounded and continuous in the totality 
of its variables, where F is a locally compact metric space. Suppose that, 



3 In papers [129U130] . a wrong Corollary 3.1 is formulates instead of this. 
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for each fixed u G F, the curve "f(-,u) is differentiable in the Riemannian 
sense at all points of [a,b] and horizontal, i.e., 4-y(s,u) G i? 7 ( S;U )M for all 
s G [a, b). If the Riemannian derivative 4-^(s,u) is bounded and continuous 
in the totality of its variables s and u then its hc-derivative is also bounded 
and continuous on [a,b] x F. Furthermore, the convergence A_lj(s + t,u) 
to j(s,u) G C7 7 ( s ' n )M is locally uniform in the totality of s G [a, b] andu G F. 

Proof. It suffices to prove in all items of the proof of Theorem 13.2.31 that the 
smallness of all quantities converging to zero is locally uniform on [a, b] x F 
(see Proposition 12.8.61 for the estimate Cod^g, v) < d c (g,v)) □ 

Corollary 3.2.6. Suppose that a curve 7 : [a, b] — > M on a Carnot manifold 
belongs to C 1 and its Riemannian tangent vector 7»(i) is horizontal for all 
t G [a, b] . Then the curve 7 : [a, b] — > M is he- differentiable at all t G [a, b] . 
Furthermore, the convergence of A7_}j(s + r) to 7(5) G Q^^Wl is uniform 
in s G [a, b] . 

Proof. For any x, y G [a, b], the length L^luy]) of the curve 7 : [x, y] — > M 
is defined; moreover, d 00 ( r y(y),j(x)) < CiL(j\[ x ^) < ciC\y — x\, where 
C = max |7(t)|. Thus, the curve 7 : [a, b] — > M meets the conditions of The- 

te[a,b] 

orem 13.2.31 at all points of [a, b] and, therefore, is uniformly /ic-differentiable 
by Corollary 13.2.51 The last assertion of this corollary follows □ 

Lemma 3.2.7. Every Lipschitz mapping 7 : E — > M is differentiable almost 
everywhere in the Riemannian sense, and j(t) G H 7 u)M. at the points of the 
Riemannian differentiability 0/7 

Proof. In the normal coordinates at a point g = j(t), we have 

7 (t + r) = exp^ 7j (r)X^ (<?), t + t £ E. 
\j=i / 

The Lipschitzity of the mapping 7 : — > M and the properties of d^ imply 
the estimate jj(r) = 0(r dcsX i) for all j > 1, t + r G £. Since degX^ > 2 
for j > dimi?!, the derivative 7j(0) exists and is zero for all j > dimi^. 
Consequently, the Riemannian differentiability of 7 at t is equivalent to the 
differentiability of the horizontal components jj, j = 1, . . . , n, of 7 at 0. 

Now, the Lipschitz mapping 7 : E — > M is also Lipschitz with respect 
to the Riemannian metric (see Proposition 12.8.12"]) . Thus, by Rademacher's 
classical theorem, the Riemannian derivative j(t) G T 7 / t )M exists for almost 
every t G [a,b). The above implies that, at every such point, j(t) G H^M. 

□ 
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Since a Lipschitz mapping 7 : [a, b] — > M is absolutely continuous in the 
Riemannian sense (see the comparison of the metrics in Proposition 12.8. E?D • 
from Lemma 13.2.71 and Theorem 13.2.31 we infer 

Corollary 3.2.8. Every Lipschitz mapping 7 : [a, b] — > M is hc-differentiable 
almost everywhere on [a,b]: iftE [a,b] is a Lebesgue point of the derivatives 
of its horizontal components then this point is its he- differentiability point. 

3.2.3 /ic-Differentiability of scalar Lipschitz mappings 

In this subsubsection, we establish the /ic-differentiability of the Lipschitz 
mappings 7 : E — > M where E C K. is an arbitrary set. 

Recall that x G A, where A C R is a measurable set, is the density point 
of A if 

\A n (a,/3)\i = 13 - a + o{(3 - a) for (3 - a -> 0, x G (a, /3) 

(here | • |i stands for the one-dimensional Lebesgue measure). It is known that 
almost all points of a measurable set A are its density points (for example, 
see jH]). 

It is explicitly seen from the above proof of Lemma [3221 that the question 
of ft.c-differentiability for a Lipschitz mapping depends on the differentiabil- 
ity of its horizontal components. If a Lipschitz mapping 7 : E — > M (we 
may assume that E C R is closed) is written in the normal coordinates: 

N 

j(t + t) = exp ( lj( T ) -^j) (7(^)5 ^ G -E is a fixed number, t + r <E E, 

then, by Lemma [3.2.71 its components 7j(t), J = 1, . . . , iV, are differentiate 
almost everywhere on i£. It is known that almost all density points of E 
are Lebesgue points of the derivative of the horizontal components, i.e., for 
intervals (a, (3) 3 r, t + r G E, we infer 

7 i (<7)-7 i (r)|d(7 = o(/3-a) for /3 - a -> (3.2.11) 

{tr6(a,/3) |t+crG-B} 

for all j = 1, . . . , dimi?!. Note that property (13.2.111) does not depend on 
the choice of the coordinate system in a neighborhood of the point g = j(t). 

Theorem 3.2.9 Q129J). Every Lipschitz mapping 7 : E — > M, E C M is 

closed, is hc-differentiable almost everywhere on E: the mapping 7 : E — > M 
is hc-differentiable at every point t G E such that 

1. t is the density point of E; 
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2. there exist derivatives 7/(0), j = 1, . . . , dimif 1; of the horizontal com- 

( N \ 

ponents 0/7, where j(t + r) = exp( lj\ T ) Xj ) (7w)? t + r E E; 

5. condition (13.2.111) is fulfilled at the point r = 0. 
T/ie hc-derivative j(t) equals 

(dim //i \ ✓dim H± \ 

£ 7,(0)X; W (7(t))=exp( £ 7,(0)X, ( 7 (t)). 

Proof. 1 st Step. Suppose that t G -E is a point at which conditions 1-3 
of the theorem hold and g = 7(t). Since the result is local, we may also 
assume that E is included in an interval [a, b] C R, t G [a, 6], a, b G i£, whose 
image is included in Q 9 Wl (we may assume by diminishing the interval [a, b] 
if necessary that 7([a, 6] H -B) C Q^^Wl for every n G [a, 6] Hi?). 

The open bounded set Z = (a,b) \ E is representable as the union of an 
at most countable collection of disjoint intervals: Z = [Jj(o(j, flj), where, for 
convenience of the subsequent estimates, we put aj < (3j if t < aj and (3j < aj 
if aij < t. It is known (for example, see [IS]), that, in Q^ a ^Wl, there exists 
a horizontal curve <X/ : [0,bj] — > Q^^Wl joining the points 5^(0) = 7(<x,) 
and o-jipj) = 7(/3j) and parameterized by the arc length; moreover, bj = 

^ K) (7(«i),7(^)) < c^ ) ( 7 (a,),7(/5 J )) = «U T K), 7 (&)) < cL|& - 
where c is independent of j (see the relation between the metrics in 
Subsection 12.81) . Consequently, the mapping aj : —> M defined by the 

rule 

[ a P ] 3 v _> , fo) = g Y ^ 1^ _ a |) e gite) M 

is Lipschitz in the metric d2 with the Lipschitz constant cL for all j G N. 
Define now the extension / : [a, b] — > M as follows: 



7(77), tiijeE, 
<Tj(r)), if 77 G (a,, /3j) 



2 nd Step. The mapping / : [a, 6] — > M has the following properties: 

(1) / : [a, j3] — > M is a Lipschitz mapping with respect to the Riemannian 
metric; 

(2) the Riemannian derivative of / exists for almost every rj G [a, b] and 
is bounded; 

(3) the vector f(rj) belongs to the horizontal space H y ^M. for almost 
every 77 G E; 
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(4) the mapping / : [a, b] — > M has a Riemannian derivative at t equal to 

m 

f N v 

if f(t + r) = exp £ /,(r) X 3 {g), t + r G [a, 6], then 
v ,=i 7 

(5) /^(t) = O(r d °s x as r for all j > 1; 

(6) is a Lebesgue point for the derivatives fj(r), j = 1, . . . , dimi/i. 
Indeed, if t < ctj < 771 < < a*. < 7/2 < Pk < & then, taking the relations 

between the metrics into account, we obtain the estimates p(f(r)i), 7(^2)) < 
p(f(Vi), iWj^ + PWj), T(«fc)) +P(7K), /(%)) < C((/5; - 771) + + 
(?7 2 — = C|?72 — 771 1 . The other cases of mutual disposition of 771 and rj 2 
with respect to t are considered similarly. Hence we obtain properties (1) 
and (2). 

Next, ii t < ctj < t + t < (3j then ^(/(t + r),f{t)) < C{d oa {f{t + 
r ), 7 ( a .)) + d^( 7 ( ai ),^^ 

r — atj) + (atj — £)) = C 2 r by the triangle inequality, the construction of /, 
and the relations between the metrics. From this we obtain property (5) and, 
hence, the differentiability of all components fj at 0, j > dim Hi: fj(0) = 0. 

Since the derivatives of Lipschitz functions are bounded and t is the den- 
sity point of E, for intervals (r, s) 3 we have 

J l/i(<r)-7i(0)|d*= J | T »-7i(0)M<7 

(r,s) {cre(r,s) I (+(jeBn[a,i)]} 

+ 1 7,(0)1 da = o(\s-r\) (3.2.12) 

{o-e(r,s) I H-o-gEn[a,&]} 

r 

as s — r — > for all j — 1, . . . , dimifi. Hence, f (fj(cr) — 7,(0)) da = fj(r) — 



7j(0)r = o(r) and tt-(O) = 7,(0) for all j = 1, . . . , dimi^. Thus, we have 
proved properties (4) and (6). 

Note that the preceding arguments are independent of the coordinate 
system. They are based on the following principle: if rj is the density point 
for E, the mapping f\g has a Riemannian derivative at 77 G E, and rj £ E 
is a Lebesgue point for the horizontal coordinate functions of J\e then, with 
regard to Lemma f3 .2 .71 and what has been proved above, / has a Riemannian 
derivative at 77; moreover, the Riemannian tangent vector belongs to the 
horizontal space H^r^M.. This proves property (3). 

3 rd Step. Since the Riemannian derivative ^(77) of the mapping / : 
[a, b] — ► M belongs to the horizontal space Hf^Nl only at almost every point 
77 G E, a direct application of Theorem 13.2.31 is impossible. However, granted 
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the fact that the complement [a, b]\E has density zero at t, the method of 
its proof can be adapted also to this case. We now indicate the changes to 
the proof of Theorem 13.2.31 necessary for obtaining the /ic-differentiability of 
/ at the point t fixed above. 
Introduce the notation 



T(t) 



( 7l (r),..., 7i v(r)), ift + reE, 
(fi(r),...,f N (r)), ift + r^E. 



It has been proved above that f (0) = (71 (0), . . . , 7dimffi(0), 0, . . . , 0). De- 
duce ( I3.2.2p for the points r sufficiently close to and such that t + r G E. 
At the points i + rG (ay, f3j), we have 

N rj dim Hi 

r(r) ^./•!V) 7j7 = £ ai {r)X'J^\Y{T)). (3.2.13) 

j=l 3 i=l 

By Proposition 12.2.71 at the points t + r G (aj,j3j) the relation /(r) G 
-B(g, O(r)) implies that, in a neighborhood of 0, the vector fields J.^' are 
expressed via the vector fields X' k (here we write X£ instead of X' k 9 ) in the 
form 

N ( (r dcgXfc - degX! ), if 

X^(T(r)) = J2 lik (r)X' k (T(r)), where 7ifc (r) = I degX k > degX,, 

k=1 [5ik + o(l) otherwise 

^ v _ 

as t -> 0. Really, by (ETBjl . we have X^)(r(r)) = E Ai( r )^( r ( r )) a * 

points /(r) G B(g,0(r)), where 

( degXi-degXA jf deeX > deeX- 
AiW = ^ uaegA^aegA,, 
+ o(l) otherwise 

as r — > 0, and X;(r(r)) = ^ a^(r)X(.(r(r)) where 

fc=i 

- o(r dcgX fc -dc g x ;) ifdegX fc >degX, 
aik(r) — < (3.2.15) 
5ik + o(l) otherwise 

asr ->0. It follows X^)(r(r)) = £ ^ft(r)a ifc (r)^(r(r)). Now taking 

fc=i/=l 

into account (13. 2. 14ft and ( 13.2. 151) . and representing the last double sum as 
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X! S + S ( S + Yl + S ) we obtain the desired behavior of coefficients 

k<il=l k>i^l<i i<l<k k<V 

7ijk(r) as r -> 0. 

Consequently, we have just qualitative situation similar to those on the 
3 rd Step of the proof of Theorem 13.2.31 Thus the theorem follows. □ 



3.2.4 /ic-Differentiability of rectifiable curves 

In this section, we in particular prove that, in a Carnot manifold, recti- 
fiable curves are /ic-differentiable almost everywhere. We obtain this result 
as a corollary to the more general assertion about the /zc-differentiability of 
a mapping / : E — > M from a measurable set E C K that satisfies the 
condition 

t- — <W/(y),/GiO) 



lim v , , v < oo (3.2.16) 

y-^x,yeE \y — X\ 



for almost all x G £7. 



Theorem 3.2.10. Every mapping f : E — > M satisfying (13.2.161) is /ic- 
differentiable almost everywhere in E. 

Proof. Since the result is local, we may assume that E is bounded. Since, in 
view of (13.2.161) . the "upper derivative" is finite almost everywhere, it follows 
that every point x G E\H, where £ C E is some set of measure zero, belongs 
at least to one of the sets 

A k = [x G E : d °°(f(x)J(y)) < k forall ^^.jt-i j+jt-i)} fcGN. 

I F-y| J 

(3.2.17) 

Note that the sequence of sets A k is monotone: A k C A k+1 , fceN. Suppose 
that the measure of is nonzero for some k G N. Up to a set of measure 
zero, represent A k as the union of a disjoint family of sets A kj i,A kj 2, • • • of 
nonzero measure whose diameters are at most 1/k: 

A k = ZtUAyU A M U..., |Z fe |=0. 

Then the restriction //.j = /|x fc ■ meets a Lipschitz condition for all j; 
therefore, it is extendable by continuity to a Lipschitz mapping f k j ■ A k j — > 
M. _ _ 

Verify that if (E \ £) n(A kJ \ A k>j ) ^ then f kJ : (£7 \ E) n A kJ ^ M 
coincides with / : (E\E) n -> M. In other words, if x G (J5 \ £) n (A fcj - \ 
-4fcj) then the extension of / : A k j — > M by continuity to the point x equals 
f(x). Indeed, the chosen point x belongs E \ £ and, therefore, x G Ai for 
some Z > k. Then the inequality of ( 13.2. 17ft holds for y G En(x — / _1 ,a; + / _1 ) 
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with I instead of k. Since A\ fl (x — I 1 , x + / x ) D v4 fcj - fl (x — fc 1 , a; + k 1 ), 
we have 

/(z) = lim /(j/) = lim f(y) = f k ,j(x). 

By Theorem 13. 2. 91 the mapping fkj : A^j — > M is /ic-differentiable almost 
everywhere in -A&j. We are left with checking the /ic-differentiability of the 
mapping / : E — > M at the points of /ic-differentiability of the mapping 
fkj : A/, j — > M having density one with respect to -A^j. 

For brevity, denote the set A&j by A and denote the mapping f k j by 
/. Extend the Lipschitz mapping / : A — > M by continuity to a Lipschitz 
mapping / : A — ► M. 

Suppose now that a point a 6 A is a point of /ic-differentiability for / 
and the point density of A. Recall that, by the definition of A, the inequality 
doo(f(y),f(z)) < h\y-z\ holds for ally G A and all z G (y-k^ 1 , y+k~ l )nE. 
Note that this inequality is extendable to A by continuity. Consequently, the 
inequality 

doo(f(y)J(z)) < k\y-z\ 

holds for all y G A and all z & (y — k^ 1 , y + A;" 1 ) fl E 1 . 

If z G -E belongs to the neighborhood (a — A;^ 1 , a + of a then, by the 
well-known property of a density point (see, for example, [121] ). there exists 
a point y G A such that \y — z\ = o(\z — a\ as 2; — > a. Let X be the horizontal 
vector field of the definition of /ic-differentiability for the restriction f : A —> 
M at a point a. Then, in a sufficiently small neighborhood of a, from what 
was said above we have 

tU/(*),exp((z-a)X)(/(a)) < c 2 (d 00 (/(z),/( 3 /))+d 00 (/( 3 /) J exp( 3 /-a)A:)(/(a))) 
+ doo(exp(y - a)X)(/(a)),exp(2; - a)X)(/(a)) 

< c 2 (A;|y - z| + o(\y - a\) + \\X\\\y - z |) = o(|z - a\) 

as z — > a, z G -E. Hence, the mapping / : E — > M is Aic-differentiable at a. 

Suppose now that ki < k 2 < k% . . . is a sequence of naturals such that 
the measure of the complement — Af.,\ Aj-.^ is nonzero for every j > 2. 
Obviously, the above argument applies to each of the sets B^., j > 2, which 
proves the theorem. □ 

Now we can prove the /ic-differentiability of rectifiable curves. Consider 
a curve (continuous mapping) 7 : [a, b] — > M. By a partition I n = I n ([a,b]) 
of the segment [a, b] we mean any finite sequence of points {s\, . . . , s n } with 
a = si < ■ ■ ■ < s n = b. To every partition I n ([a, b]), we assign a number 
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M(I n ) by setting 

n 

M(I n ) = ^d 00 ( 7 (s i ),T(s i + 1 ))- 

i=l 

Put m n = maxjsj+i — S{ \ i — 1, . . . , n — 1}. 

Definition 3.2.11 ([2D]). A curve 7 : [a, 6] — > M is called rectifiable if 

L([a,6]) = lim supM n < 00. 

Making use of a standard argument, we may prove: 

Property 3.2.12. Suppose that a sequence of curves 7 n : [a, b] — > M, n G N, 
converges pointwise to a curve 7 : [a, 6] — > M: j n (s) — > 7(s) for every s G 
[a, 6]. Then the lengths L n ([a,b}) of 7„ possess the semicontinuity property: 

L([a,b\) < lim L n ([a,b\). 

n—roo 

Proposition 3.2.13. Every rectifiable curve 7 : [a, b] — > M meets (13.2. 16f) . 

Proof. Consider the following set function $ defined on intervals included 
in [a, 6]: the value $(a,/3) at an interval (a,/?) C [a,b] is equal to L([a,j3]), 
the length of the curve 7 : [a, /3] — > M. The set function $ is quasiadditive: 
the inequality 

5^$KA)<S(a,/3) 

i 

holds for every finite collection of pairwise disjoint intervals (««,/?«) with 
(aj,/5j) C (a, P), where (a,/?) C [a, b] is some interval. It is known (see, for 
example, |136j ). that $ has a finite derivative 

* (I)= , im lim 4hM 

almost everywhere in [a, b}. Hence, 

M d -™),M) < lim Mfl^p . lim M< $V)<00 

y^x \y — x\ (a,/3)3x, L([a, p\) (a,p)3x, (3 — a 

/3-a-*0 /3-a->0 

for almost all x G [a, b]. □ 

Theorem 13.2.101 and Proposition 13.2.131 imply: 

Proposition 3.2.14. Every rectifiable curvej : [a, b] — > M «s hc-differentiable 
almost everywhere. 
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Remark 3.2.15. If the Carnot manifold is a Carnot group our definition 
of the foe-differentiability of curves coincides with the P-differentiability of 
curves given by P. Pansu in [115] . He proved also [115[ Proposition 4.1] the 
P-differentiability almost everywhere of rectifiable curves on Carnot groups 
using a different method. 

3.3 /ic-Differentiability of Smooth Mappings of Carnot 
Manifolds 

3.3.1 Continuity of horizontal derivatives and /ic-differentiability 
of mappings 

In this subsubsection, we generalize the classical property that the con- 
tinuity of the partial derivatives of a function defined on a Euclidean space 
guarantees its differentiability. 

In what follows, we repeatedly use the following correspondence: to ar- 

f N ~ \ 

bitrary element a = exp ( ^ a iX? \ (g) G Q 9 and point w G Q 9 , assign the 
element 

A™a = exp (j2 o^ d ° gX ^j) H (3-3.1) 

for those e for which the right-hand side of (13.3.11) exists. Note that, by 
Property 12.2.31 we have A 9 a = S 9 a for all a G Q 9 . 

Theorem 3.3.1. Suppose that f : M — > N is a Lipschitz mapping of Carnot 
manifolds such that, at each point g G M, there exist horizontal deriva- 
tives Xif(g) G Hf^N continuous on Ml, i = 1, . . . , dimffi. Then f is 
he- differentiate at every point of Ml. The Lie algebra homomorphism corre- 
sponding to the he- differential is uniquely defined by the mapping 

, dim Hi 

H g M 3 Xi{g) h- Xif(g) = -f(exptX t (g))\ t=0 = ]T &yYK/(s)) G H f(g) N 

i=i 

of the basis horizontal vectors Xi(g), % = 1, . . . , dimff 1; to horizontal vectors 
in H f(g) N: 

dim Hi 

HQ 9 M 3 Xf ^ b ijY/ i9) e Hg f(9) N. 
j'=i 
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Proof. 1 st Step. Fix a point g G Z7 and a compact neighborhood F C 
Q 9 of the local Carnot group Q 9 . For each horizontal vector field X i7 a 
family of curves 7 : [— e,e] x F — > N is defined: for u E F, put 7$(s, w) = 
/(exp(saiXi)(u)), where «i G A, A C E is a bounded neighborhood of G K. 
This family of curves meets the conditions of Corollary 13.2.51 and, hence, the 
convergence 

A^ 7 M - ^exp([XJ]( M ))(/( M )) G 0/<«> (3.3.2) 

is uniform on F x A and the /ic-derivative exp(Xif (u))(u) is continuous 
with respect to (u, c^) G F x A. Denote by the "horizontal basis element" 
exp(Xj)(g) = exp(Xf)(g) G and, for all 1 < i < dimi^, denote by Oj the 
horizontal derivative exp(Xj /(<?)) (/(g)). 

It is known [46J that any element v G F can be represented (nonuniquely) 
in the form 

5 9 ai x n 5i 3 x jg , l^jiKdimHx, (3.3.3) 

where S is independent of the choice of the point and the numbers q.{ are 
bounded by a common constant. Together with the mapping 

[0, e) 3 t i-> Vi{t) = 8 9 tai x h 8¥ a .Xj., l<j k < dimi^i, 1 < k < i < S, 

consider the mapping (see (13.3.11) ) 

[0,e) 3 t ^ Vi {t) = A^^Xj. = exp(ta i .X ii )(v i _i(t)), 2 < i < S, where 

vi(t) = A 9 a x h = expitaaXjJig). 

By Theorem 12.7.11 doa(vi(t), Vi(t)) = o{t) as t — > uniformly in g G F 
and a.i G A, i < S. Since the mapping / is Lipschitz on F, the limits 
\imA^_if(vs(t)) and \imA^f(vs(t)) exist simultaneously. Consequently, 

it suffices to prove the existence of the second limit. 
2 nd Step. For proving this, by (13. 3. 2ft . we infer that 

w 1 (t) = f(v 1 (t))=exp(jr4(t)Y k )(f(g)) 

^k=i ' 

has /ic-derivative 5 s a [ g) a h G Q s{9) at t = 0. 

Here Y k , k = 1, . . . , N, is a local basis on N around the point f(g). Assume 
that the mapping 

t ^ Wi (t) = f(vi(t)) = exp fj2 4(t)Y k ) (fivi-xit))) 
has /ic-derivative 5 f a [ 9) a jl ■ . . . • S^a^ G G f(g) , at t = 0, 2 < z < 5. 
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Our next goal is to show that /ic-derivative of the mapping t i— > 

N \ 



= expl E )(/(«*(*))) equals . 

Together with the mapping Wi + \(t), consider the mapping 



N 



t -> w i+1 (t) = exp PT 4 +1 (t)^ (/(„<(*))) 



fe=i 



By Theorem 12. 7. II we have d^ 9 \wi + i(t), w i+ x(t)) = o(t) as t — > 0. Therefore, 
the relation of 9) (w m (t), 5 t /(s) (tfa* • . . . • ^a ii+1 )) = o(t) as t -> holds 

if and only if d{ {9) (w i+1 (t)), 5 f t {g) (S f a [ 9) a h S^a^)) = o(t) as t -> 0. 
By Property I3.1.2[ this is equivalent to the relation 



dj« (<^ + i(*)), • . . . • <ffi = (1) 



as z — > oo. 



Note that, by the continuity of the group operation in Q 9 , we always have 
the convergence 

S^w^it)) -> tf/to) flii j/to as t _ o. 

Thus, by induction, the /ic-derivative of the mapping [0,e) 9 i h- > f(vs{t)) 

at is equal to 5a[ $as a js'i moreover, the convergence is uniform 

in v G F and o^, 1 < i < S. Consequently, granted the equality Vs(t) = Sfv, 
we infer 

d f M(f(5 9 t v),L(5?v)) = o(d 9 c (g,5?v)) = o(t) (3.3.4) 
uniformly in v G F, where L stands for the correspondence 

G g 3 v = S 9 ai x h 5 9 as x js » 5^a h 5^a js G G m . 

For finishing the proof, it remains to check that the correspondence L : Q 9 —>■ 
gf( 9 ^ is a homomorphism of the local Carnot groups. 

3 rd Step. Note that L(v) is the /ic-derivative at of the mapping t i— > 
f(5 9 v) for a fixed v G Q 9 (see (13. 3. 4ft ). which is obviously independent of 
representation (I3.3.3[) . Consequently, L : Q 9 — > is a mapping of the 

local groups. Clearly, this mapping is continuous. 

Demonstrate that it is a group homomorphism. Consider a second ele- 
ment v = Six^ ^B s x jsi 1 — Ji — dimifi, such that 

vv = 6 9 ai x n 5 g as x 3s -5$x n 5$ s x js eG 9 and L(v) ■ L(v) G Q^ 9 \ 

(3.3.5) 
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By (13.3.41) . the value L(vv) is independent of the representation of an 
element vv as the product f)3.3.5p . Hence, applying the conclusions of the 
previous step to vv and its representation (I3.3.5p . we see that 

L(vv) = 8^a h 8ifa js ■ 8™a h 6™a ja = L(v) ■ L(v). 

Thus, the mapping is a continuous group homomorphism. By 

the well-known properties of the Lie group theory |137j . the mapping L is a 
homomorphism of the local Lie groups. 

Now, from (13.3.41) it can be deduced that L commutes with a dilation, 
L o 8f = o L, t > 0. Furthermore, since Xif(g) G ifyv s )M, the homo- 
morphism L is the he- differential of the mapping f : M. — > N at g. The 
Lie algebra homomorphism corresponding to L is a mapping of horizontal 
subspaces. □ 

Corollary 3.3.2 ([129]). Assume that we have a basis {Xi}, i = 1,...,N, 
on a Carnot manifold M for which Assumption 2.1.J\ or conditions of Re- 



mark \27n^ hold with some a G (0, 1]. Suppose that f : M — > N is a mapping 



of Carnot manifolds such that, at each point g G M, there exist horizon- 
tal derivatives Xif(g) G Hf/ g )N continuous on M, i = 1,. . . ,dimiJ!. Then 
f is hc-differentiable at every point of M. The Lie algebra homomorphism 
corresponding to the he- differential is uniquely defined by the mapping 

j dim Hi 

H 9 M 3 Xi{g) h- XJ(g) = -/(exp^(^))| t=0 = £ b i3 Y 3 {f{g)) G H f(g) N 

3=1 

of the basis horizontal vectors X^g), i = 1, . . . , dimif 1; to horizontal vectors 
in H m N: 

dim Hi 

HQ 9 M 3 X? ^ h ;,">'!"'' e HQ fig) N. 

3=1 

Proof. The hypothesis implies that / is a locally Lipschitz mapping: 
d>oo(f( x ),f(y)) < Cd>oo( x ,y), x i V belong to some compact neighborhood 
of U. To verify this, it suffices to join points x, y G U by the horizontal curve 
7 of Subsection 12.81 whose length is controlled by the /ic-distance doo(x,y) 
and observe that / o 7 is a horizontal curve whose length is controlled by the 
length of the initial curve. From this, Corollary 12.8.61 and Remark 12.8.71 we 
infer d^ftx), f(y)) < CM ° 7) < C 2 L( 7 ) < Crf^x, y). □ 
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3.3.2 Functorial property of tangent cones 

The definition of the tangent cone depends on the local basis. The ques- 
tion arises on the connection between two tangent cones found from two 
different bases. The last Theorem 3.3 implies: 

Corollary 3.3.3 ( |128l I129j ). Suppose that we have two local bases {Xi} 
and {Yi}, i = 1, . . . , N , on a Carnot manifold for both of which Assumption 
2.1.4\ or conditions of Remark 2.7.2\ hold with some a G (0, 1], and that two 



collections X 1 , . . . , X^ m H 1 and Yi, . . . , Idimifi generate the same horizontal 
subbundle Hi. Then the tangent cone Q 9 defined by the {X{\ 's is isomorphic 
to the local Carnot group Q 9 , determined by the {Yi} 's: (S^oSf)^) converges 
to an isomorphism of local Carnot groups Q 9 and Q 9 as t — > uniformly in 
v G Q 9 . [Here Sf is the one-parameter dilation group defined by the vector 
fields {Yi}.) 

The isomorphism of the Lie algebras corresponding to the he- differential 
is defined uniquely by giving the mapping 

dim Hi 

H g M 3 X^g) ^ Xi{g) = £ h 3 Y 3 {g) G H g M 

j=i 

of the basis vectors Xi(g), i = 1, . . . , dimif 1; of the horizontal space H g M. to 
horizontal vectors of the space HgM.: 

dim H\ 

HG 9 U 3 Xf h+ ^ b iJ Y f e hg 9 m. 
i=i 

Proof. Denote by M x the Carnot manifold M with local basis {Xi} and 
denote by M y the Carnot manifold M with local basis {Yi}, i = 1, . . . , N. 
Let also the symbol % : M x — > M y stand for the identity mapping from M 
into M. Clearly, i meets the conditions of Corollary 13.3.21 Then i is hc- 
differentiable at g and, by Corollary 13.3.21 the "difference ratios" 5f_i(5f(w)) 
converge uniformly to a homomorphism Di(g) : Q 9 — > Q 9 as t — >• 0. Applying 
the same argument to the inverse mapping i~ l and Theorem 13.1.31 we infer 
that Di(g) is an isomorphism of the local Carnot groups (of the local tangent 
cones at g with respect to different local bases). □ 

Remark 3.3.4. In |4l lT5l[66lll00j above statement is proved by other meth- 
ods under additional assumptions on the smoothness of the basis vector fields. 
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3.3.3 Rademacher Theorem 

The aim of this part is to formulate Rademacher type theorems on the dif- 
ferentiability of Lipschitz mappings of Carnot manifolds. This theorem was 
proved in |!29j by means of the theory expounded above. The way of proving 
this result is based on the methods of [125] , where the "P-differentiability of 
Lipschitz mappings of Carnot groups defined on measurable sets was proved 
in details. 

Let M, N be two Carnot manifolds and let E C M be an arbitrary set. 
A mapping / : E — > N is called a Lipschitz mapping if 

doo(f(x), f(y)) < Cd^x, y), x,y G E, 

for some constant C independent of x and y. The least constant in this 
relation is denoted by Lip /. 

The following result extends the theorems on the P-differentiability on 
Carnot groups |115|, 11251 1135] (see also [HS]) to Carnot manifolds. 

Theorem 3.3.5 ([129]). Let E be a set in M and let f : E -> N be a Lipschitz 
mapping from E into N. Then f is hc-differentiable on E. 

The homomorphism of the Lie algebras corresponding to the he- differential 
is defined uniquely by the mapping 

j dim Hi 

H g M 3 Xiig) i * XJ(g) = -/ (expt^(s))| t= o = ^ a^tfig)) e H f(g) N 

3=1 

of the horizontal basis vectors Xi(g), i = 1, . . . , dimifi, to horizontal vectors 
of the space Hf^N: 

dim Hi 

HG 9 M 3Xf^ G HQ fi9) N. 

3=1 

3.3.4 Stepanov Theorem 

As a corollary to Theorem l3.3.5l we obtain a generalization of Stepanov's 
theorem: 

Theorem 3.3.6 ([HI]). Let E C M be a set in M and let f : E -> N be a 

mapping such that 

— 4>(/(a),/(x)) <oo 

x^a,x<=E aoo(a, X) 
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for almost all a G E. Then f is hc-differentiable almost everywhere on E 
and the he- differential is unique. 

The homomorphism of the Lie algebras corresponding to the he- differential 
is defined uniquely by the mapping 

, dim Hi 

H g M 3 Xi{g) ~ XJ(g) = -f(exptX t (g))\ t=0 = ^ Oy^-(/(</)) G H f(g) N 

3=1 

of the basis horizontal vectors Xi(g), i = 1, . . . , dim if i, to horizontal vectors 
of the space Hf^N: 

dim H\ 

HG 9 M 3 X? ^ a i3% Kg) e HQ f ^N. 

3=1 

4 Application: The Coarea Formula 

4.1 Notations 

All the above results on geometry and differentiability are applied in 
proving the sub-Riemannian analog of the well-known coarea formula for 
some classes of contact mappings of Carnot — Caratheodory spaces. 

Notation 4.1.1. Denote by JVj the topological dimensions of Mj and denote 
by Vi the Hausdorff dimensions of Mj, % = 1,2. Assume that 

Mi M 2 

TM 1 = QiHj/Hj-i), H = {0}, and TM 2 = ^(Hj/Hj^), H = {0}, 

3=1 3=1 

where ifi C TMi and Hi C TM 2 arc horizontal subbundles. The subspace 
Hj C TMi (Hj C TM 2 ) is spanned by Hi (Hi) and all commutators of order 
not exceeding j — 1, j — 2, . . . , Mi (M 2 ). 

Denote the dimension of Hj/Hj-i (Hj/Hj-i) by rij (fij), j — 1, . . . , Mi (M 2 ). 

Here the number M 1 (M 2 ) are such that H Ml /H Ml _i ^ (H M2 / H M2 _ 1 ^ 
0), and H Ml+ i/H Ml = (H M2+ i/H M2 = 0). The number M 1 (M 2 ) is called 
the depth of Mi (M 2 ). 

Assumption 4.1.2. Suppose that 

1. Ni > N 2 ; 

2. dim Hi > dim H h % = \,...,M X \ 



78 



3. the basis vector fields X 1; . . . ,X Nl (in the preimage) are C 1,Q -smooth, 
a > 0, and X\ , .... X \. 2 (in the image) are C 1,? -smooth, <; > 0, or 
conditions of Remark 12.7.21 hold for a > in the preimage and > 
in the image. 

Remark 4.1.3. Note that, if there exists at least one point where the hc- 
differential Dtp is non-degenerate, then the condition dim if i > dimifi im- 
plies rii > n,i, i = 2, . . . , Mi (compare with the above assumption). 

Notation 4.1.4. Denote by Z the set of points x G Mi such that 
rank(Dvj(x)) < N 2 . 

4.2 Lay-out of the Proof 

The key point in proving the non-holonomic coarea formula is to investi- 
gate the interrelation of "Riemannian" and Hausdorff measures on level sets 
(see below). The research on the comparison of "Riemannian" and Haus- 
dorff dimensions of submanifolds of Carnot groups can be found in paper by 
Z. M. Balogh, J. T. Tyson and B. Warhurst [14]. See other results on sub- 
Riemannian geometric measure theory in works by L. Ambrosio, F. Serra 
Cassano and D. Vittone [12J, L. Capogna, D. Danielli, S. D. Pauls and 
J. T. Tyson [28J, D. Danielli, N. Garofalo and D.-M. Nhieu [34], B. Franchi, 
R. Serapioni and F. Serra Cassano [531 155] , B. Kirchheim and F. Serra Cas- 
sano [HZ], V. Magnani [HI], S. D. Pauls [116] and many other. 

The purpose of Section [4] is to explain the ideas of proof of the coarea 
formula for sufficiently smooth contact mappings (p : Mi — > M2 of Carnot 
manifolds. Note that, all the obtained results are new even for the particular 
case of a mappings of Carnot groups. 

Remark 4.2.1. For proving Theorems 14^231 |4~2~51 IFZM and 14.2. 131 the 

smoothness C l (in Riemannian sense) for mappings tp : Mi — > M 2 is suf- 
ficient. For proving Theorem 14.2.121 the (Riemannian) smoothness C 2 ' ro , 
zu > 0, of (p is sufficient. 

As it is mentioned above, for the first time, a non-holonomic analogue of 
the coarea formula is proved in paper of P. Pansu [112] . The main idea of 
this work (which is used in many other ones) is to prove the coarea formula 
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via the Riemannian one: 



(PEU) / J^x)dH^(x) 



u 



dU v \z) I J f^ u \ dH Nl ~ N2 {u) = I dH U2 {z) I dH Vl - V2 {u) 



J " y ~ J J Jn 3 (<P,x) 

(4.2.1) 

Here Ni, N 2 are topological dimensions, and z/ 1; u 2 are Hausdorff dimensions 
of preimage and image, respectively; it is well-known that, in sub- Riemannian 
case, topological and Hausdorff dimensions differ. It easily follows from 
(14.2.11) . that the key point in this problem is to investigate the interrelation of 
"Riemannian" and Hausdorff measures on Carnot manifolds theirselves and 
on level sets of <p, and of Riemannian and sub-Riemannian coarea factors. It 
is well known that the question on interrelation of measures on Carnot man- 
ifolds is quite easy, while both the investigation of geometry of level sets and 
the calculation of sub-Riemannian coarea factor are non-trivial. The main 
problems are connected with peculiarities of a sub-Riemannian metric. In 
particular, the non-equivalence of Riemannian and sub-Riemannian metrics 
can be seen in the fact that "Riemannian" radius of a sub-Riemannian ball 
of a radius r varies from r to r M , M > 1, where the constant M depends on 
the Carnot manifold structure. Thus, a question arises immediately on how 
"sharp" the approximation of a level by its tangent plain is (since the "usual" 
order of tangency o(r) is obviously insufficient here: a level may "jump" from 
a ball earlier then it is expected). Also a question arises on existence of a 
such sub-Riemannian metric suitable for the description of the geometry of 
an intersection of a ball and a level set. But even if we answer these questions, 
one more question appears: what is the relation of the Hausdorff dimension 
of the image and measure of the intersection of a ball and a level set. 

We have solved all the above problems. First of all, the points in which 
the differential is non-degenerate, are divided into two sets: regular and 
characteristic. 

Definition 4.2.2. The set 

X = {x G Mi \ Z : rankZty(x) < iVa} 
is called the characteristic set. The points of x are called characteristic. 
Definition 4.2.3. The set 

D = {x E Mi : rank£v(x) = iV 2 } 
is called the regular set. If x e D, then we say that, a; is a regular point. 
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We define a number u (x) depending on x G M that shows whether a 
point is regular or characteristic. 

Definition 4.2.4. Consider the number u such that 
v (x) = minji/ : 3{X h , . . . ,X^J 

(rank([^.^](^))fi 1 = N 2 )^ (j^degX tj = u)). 



It is clear that u \ x > u 2 and v> \® = u 2 . 

We also define such sub-Riemannian quasimetric d 2) that makes the cal- 
culation of measure of the intersection of a sub-Riemannian and a tangent 
plain to a level set possible: 

Definition 4.2.5. Let M be a Carnot manifold of topological dimension N 

and of depth M, and let x = expf XiXi ) (g). Define the distance d 2 (x, g) 

\=\ ' 

as follows: 

ni i 

d 2 (x,g) = max{(^ kj| 2 ) 2 , 

ni+ri2 1 N i 

j=ni+l j'=JV-7iAf+l 

The similar metric d 2 is introduced in the local Carnot group G U M. 

The construction of d 2 is based on the fact that a ball in this quasimetric 
Box 2 asymptotically equals a Cartesian product of Euclidean balls: 

Box 2 (:r,r) « 5 ni (:r,r) x B n2 (x,r 2 ) x . . . x B nM (x,r M ), M > 1, 

where N,rii, i = 1, . . . , M, are (topological) dimensions of balls. The latter 
fact makes the calculation of above-mentioned measure possible (while in the 
case when we replace balls by cubes, it is quite complicated since cubes have 
different shapes of sections). 

Using properties of this quasimetric, we calculate the 7i Nl "^-measure of 
the intersection of a tangent plain to a level set and a sub-Riemannian ball 
in the quasimetric d 2 . 

Theorem 4.2.6. Fix x G (p -1 ^). Then, the H Nl ~ N2 -measure of the inter- 
section T [(if o ^) _1 (t)] fl Box 2 (0,r) is equivalent to 

C{l + o{l))r^- Uo{x) 

where C does not depend on r, and o(l) ^ as r — > 0. 
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While investigating the approximation of a surface by its tangent plain, we 
introduce a "mixed" metric possessing some Riemannian and sub-Riemannian 
properties. 

Definition 4.2.7. For v,w G Box 2 (0,r) put d% E {v,w) = d®(0,w — v), where 
w — v denotes the Euclidean difference. 

This definition implies that Box 2 (0,r) coincides with a ball Box 2 £i(0,r) 
centered at of radius r in the metric d^ E . 

We prove that in regular points the tangent plain approximates the level 
set quite sharp with respect to this metric, and from here we deduce the 
possibility of calculation of the Riemannian measure of a level set and a 
sub-Riemannian ball intersection. Notable is the fact that this measure can 
be expressed via Hausdorff dimensions of the preimage and the image: it is 
equivalent to r Ul ~ U2 (see below): 

Theorem 4.2.8. Suppose that x G l f~ 1 {t) is a regular point. Then: 

(I) In the neighborhood of0 = 6~ l (x), there exists a mapping from T [(ipo 
<y _1 (*)] H Box 2 (0,r(l + o(l))) to ip~ l {t) H Box 2 (0,r), such that both d 2 - 
and p-distortions with respect to equal 1 + o(l), where o(l) is uniform on 
Box 2 (0,r); 

(II) The 7i Nl ~ N2 -measure of the intersection p^ x {t) H Box 2 (x, r) equals 

MteiM»)| • Il^-nf " +0(1)), 

ti \D<p{x)\ 

where g is a Riemann tensor, Dip is the he- differential of p, and o(l) — > 
as r — > 0. 

From these results and obtained properties, using a result of [136J, we 
deduce the interrelation of two measures in regular points of a level sets. 

Theorem 4.2.9 (Measure Derivative on Level Sets). Hausdorff measure 
-ypj\-v2 of the intersection Box 2 (x, r) D p~ l (p(x)), where x is a regular point, 
and 

dist(Box 2 (:r, r) fl p^ 1 (p(x)), x) > 0, asymptotically equals u Ul _ U2 r Ul ~ U2 . The 
derivative D h n 1 -n 2 TC 1/1 '' U2 (x) equals 

1 W^-va \D(p(x)\ 



\g\keT Dtp(x) t~t 

11 ^rik-h 



Mi 1^(^)1 

n ' 

k=l 
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Finally, we introduce the notion of the sub-Riemannian coarea factor via 
the values of the /ic-differential of (p. 



Definition 4.2.10. The sub-Riemannian coarea factor equals 



J$?{<p,x) = \D(p(x)\- 




n k~ n k 



k=l 



We consider and solve problems connected with the characteristic set. 
The case of characteristic points is a little more complicated since in charac- 
teristic points a surface may jump from a sub-Riemannian ball, consequently, 
we cannot estimate the measure of the intersection of the surface and the ball 
via the one of the tangent plain and the ball. Note also that in all the other 
works on sub-Riemannian coarea formula, the preimage has a group struc- 
ture, which is essentially used in proving the fact that the Hausdorff measure 
of characteristic points on each level set equals zero (see also the paper [T3] by 
Z. M. Balogh, dedicated to properties of the characteristic set). In the case 
of a mapping of two Carnot manifolds, there is no group structure neither in 
image, nor in preimage. Moreover, the approximation of Carnot manifold by 
its local Carnot group is insufficient for generalization of methods developed 
before. That is why we construct new "intrinsic" method of investigation of 
properties of the characteristic set. First of all, in all the characteristic points 
the /ic-differential is degenerate. We solve this problem with the following 
assumption. 

Property 4.2.11. Suppose that x G Xi an d rank Dtp(x) = N 2 — m. Let also 
Dtp{x) equals zero on m —n\ +mj horizontal (linearly independent) vectors, 
n 2 — n 2 + m 2 (linearly independent) vectors from H 2 /Hi, n& — + m k (lin- 
early independent) vectors from Hk/Hk-i, k — 3, . . . , M 2 . Then, on the one 

~ Mi 

hand, since rank D<p(x) = N 2 — m, we have ^2 = m. On the other hand, 



rank Dip (x) = N 2 . Consequently, there exist m (linearly independent) vec- 
tors Yx, . . . , Y m of degrees h, ■ ■ ■ ,Im 2 (which are minimal) from the kernel of 
the /ic-differential Dtp, such that Dip(x) (span{f/A/ 2 , Y\, . . . , Y m }) = T lfi ( x )M 2 . 

In this subsection, we will assume that, among the vectors Y\, . . . ,Y m , 
nil of them of the degree l\ have the horizontal image, m 2 of them of the 
degree l 2 > l\ have image belonging to H 2 , and m k of them of the degree 
h > have image belonging to H^., k = 3, . . . , M 2 . 

By another words, the "extra" vector fields on which the foe-differential 
of (p is degenerate in characteristic points, possess the following property: 
if in Hk/ Hk-i(x) the quantity of such "extra" vectors equals mk > 0, then 



8=1 
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there exist m& vectors from Hi k / Hi k _i(x) such that their images have the 
degree k, they are linearly independent with each other and with the images 
of Hi k -i(x), Ik > h-i- We develop new "intrinsic" method of investigation 
of the properties of the characteristic set. 

Example. The condition described in Assumption 14.2.111 is always valid for 
the following Mi and M 2 : 

1. Mi is an arbitrary Carnot-Caratheodory space, and M2 = M; 

2. Mi is an arbitrary Carnot-Caratheodory space of the topological di- 
mension 2m + 1, G U M 1 = H m for all u G Mi, M 2 = K fc , k < 2m; 

3. Mi = M 2 , dirndl > dimH u dim(i/ l /iJ i _ 1 ) = dim(# i /# l _i), i = 
2,...,Mi; 

4. Mi = M 2 + 1, dim Hi = dim H u i = 1, . . . , M 2 . 

In particular, in Theorem 14.2.61 it is shown, that in the characteristic 
points TC 1_ -measure of the intersection of a sub-Riemannian ball and the 
tangent plain to the level set is equivalent to r to the power V\ — vq(x) < 
v\ — v-i. Next, we show, that H^^^-measure of the intersection of the 
level set and the sub-Riemannian ball centered at a characteristic point is 
infinitesimally big in comparison with r Ul ~ U2 , i. e., is equivalent to 

(but it is not necessarily equivalent to r Ul ~ u °^). From here we deduce that, 
the intersection of the characteristic set with each level set has zero Ji v ^ v ' 2 - 
measure. 

Theorem 4.2.12 (Size of the Characteristic Set). The Hausdorff measure 
n Vl ~ V2 (x n V\t)) = for all z £ M 2 . 

We also show that the degenerate set of the differential does not influence 
both parts of the coarea formula. 

Theorem 4.2.13. For H U2 -almost all t G M 2; we have 

r^(^(t)nz) = 0. 

Finally, we deduce the sub-Riemannian coarea formula. 

Theorem 4.2.14. For any smooth contact mapping if : Mi — > M 2 possessing 
Property \4-2.11\ the coarea formula holds: 



J^(<p,x)dH Ul (x) = J dH v \t) J dH Vl - V2 {u). 

M 2 ¥> -1 (*) 
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As an application, using the result of the paper by R. Monti and F. Serra 
Cassano \107\ Theorem 4.2] for Lip-functions defined on a Carnot-Caratheodory 
space M of the Hausdorff dimension v, we deduce that the De Giorgi perime- 
ter coincides with ?i I/_1 -measure on almost every level of a smooth function 
cp : M: 

Theorem 4.2.15. For C 2,a -functions if : M — > R, a > 0, where dim^M = 
v, the De Giorgi 'perimeter coincides with H."" 1 -measure on almost every 
level. 



5 Appendix 

5.1 Proof of Lemma 12.1.131 

Proof. It is well known, that the solution y(t, u) of the ODE ( 12. 1.6ft equals 
y(t,u) = lim y n (t,u), where 



This convergence is uniform in u, if u belongs to some compact set. 

From the definition of this sequence it follows, that y n (t) — > y(t) as n — > oo 
in C 1 -norm. 



n 



oo 
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1. We show, that every y n (t,u) G C a {u) for each t G [0, 1]. We have 

max|s/ n (t,iti) -y n (t,u 2 )\ 
i 

< J |/(j/ n _i(r,ui),tti) - f(y n - 1 {T,u 2 ),u 2 )\ dr 
o 

i 

< J |/(y n -i(T,«i),ui) - /(j/„_i(r,«i),« 2 )| 



1 

+ y |/(j/„-i(r,«i),U 2 ) -/(s/n-l(T,«2),«2)|<iT 


< H(f)\u x - u 2 \ a + Lmax ui) - y„_i(£,u 2 )| 

n-1 

< if (/) ^ L m | Ul - «2| a + L n max \y (t, Ul ) - y (t, u 2 ) \ 

m=0 

oo 

<H(f)J2 Lm \ u i- u *\ a > 

m=0 

where H(f) is a constant, such that \f(ui) — /(w 2 )| < H(f)\u 1 — u 2 \ a . Note 

oo 

that the constant H = H(f) ^2 L m < oo since L < 1, and it does not 

m=0 

depend on n G N. 

Suppose that u belongs to some compact set U. Then 

-2/(*,«2)| 

< |?/(t,Ui) - J/n(*,«l)| + |j/n(*,«l) - 2/n(*,«2)| + \v(t,Ui) - y n (t,U 2 )\ 

< H\ Ul -u 2 \ a + 2e 

for every e = e(n) > 0. Since the convergence is uniform in u G U, and 
e(n) — > as n — > oo, then |y(t, i^) — u 2 )| < — w 2 | a , an d y G C a (w) 
locally. 

To show, that ^-(t,v,u) G C a (w) locally, % = 1,...,N, we obtain our 
estimates in the simplest case of N = 1. 

2. Note that the mappings {y n }neN converge to y in C 1 -norm, and this 
convergence is uniform, if u belongs to some compact set U . 

Let u G U, v G W(0) C M^. Then similarly to the case 1, we see, that if 
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the Holder constant of y' n does not depend on n G N, then y' G C a {u) 



max 

tv 



dyn /, \ dy n . . 
— (t,f,wi) - — it,v,u 2 ) 
dv dv 



< max 



d 
dv 



f(y n -i(r, v, ui), u, ui) - f{y n -i(r, v, u 2 ), v, u 2 ) dr 



< max 



f(y n -i(r, v, Mi), u, Mi) - f(y n -i(r, v, u 2 ), v, u x ) dr 



+ max 

tv 



/ f(yn-i(T,v,u 2 ),v,u 1 ) - f(y n - 1 (T,v,u 2 ),v,u 2 )dT . (5.1.1) 







For the first summand we have 
i 



max 

t,v 



d_ 

dv 



f(y n -i(r, v, Mi), v, Mi) - f(y n _ 1 (r, v, u 2 ), v, u t ) dr 



< max 

V 



d 
dv 



(f(y„-i(T, v, Mi), v, mi) - /(y„_i(r, v, u 2 ),v, Mi)) 



dr 



< max 

V 



df dy n - 



dy dv 



1 1 s df dy n . 



dy dv 



-(r,v,u 2 ) 



dr 



+ max 



df df 

^(2/n-i(r,M,Mi)) - — (|/ n _i(r,M,M 2 )) dr. (5.1.2) 



Then, we get 



max 



df df 

-T^ty n -i{T,v,Ui)) - — (|/ ri _i(r,M,M2)) dr < C(f)H(y)\u 1 - u 2 \ a , 



since each y m is Holder. The first summand in f)5.1.2p is evaluated in the 
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following way: 



max 



df dy n . 



dy dv 



1 / x df dy n . 

-(r,v,«i) - 



dy rff 



-(t,v,u 2 ) 



dr 



< max 



df , ,dy n - X df ,dy n - X 



dr 



+ max 

V 



1 

f df ,dy n ^i df ,dy n - X 

/ ~r( Ul )— 5 — (i",^,M 2 ) - — (m 2 )— - — (r,t>,w 2 ) 
7 a?/ dt> ay 



< Lmax 



dy n -i u , dy n _i 



i 

+ max / ^=l( r , VjW ) dr • #(£>/) lui - u 2 | a . (5-1.3) 
u,v J dv 



Next, we estimate 



max 

u.v 



dy r , 



dv 



(t,v,u) 



dr < max 

t.u.v 



dy r , 



dv 



■{t,v,u) 



max 

t.u.v 



dy, 



m—l 



dv 



+ 



df 



dv 



< max 

t.u.v 



df\ 

dv I 



< oo. 



k=0 



Thus, in the first summand of 05.1.11) we have 



Lmax 

t.v 



dy n —\ /, \ dy n —i , . . . 

— — - — {t,v,u 2 ) +C\Ul-U 2 \ , 

dv dv 



where < C < oo does not depend on n G N. The second summand in 

(ECD) is 



max 



d 
du 



f(y n -i(r, v, u 2 ), v, ui) - f(y n -i(r, v, u 2 ), v, u 2 ) dr 



max 



df df 

— (y n _i,f,Mi) - — (y n _i,u,ii 2 ) dr < C(/)|ui - m 2 |. 



8N 



Thus, 



(t,V,Ui) 



_ dyn 
dv 
dy n -i 
dv 



(t,v,u 2 ) 



max — — 

t,v dv 



< L max 



t,v 



(t,V,Ui) 



dy n -i 
dv 



(t,v,u 2 ) + K\u\ - u 2 



oo 



<kYL k 



a 



and &± e C a (w) locally. Hence, % e C a (u) locally. 



□ 
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